
ABSTRACT

i

This study suggests that a combination therapy with all four classes of antimalaria! drugs 
should be developed because of its prolific effect on controlling malaria, and for such case, 
an artemisinin derivatives-primaquine combination therapy is proposed.

We further extended the model to incorporate the antimalarial drug therapy, where four thera­
peutic classes of antimalarial drugs in various stages of entire life cycle of malaria parasite are 
included. In contrast to the immunity whose effect reduces infections on only two stages, drug 
therapy has the effect of reducing infection on all stages of the life cycle. Although its compo­
nents do not appear in the expression of reproduction number, tissue schizonticidal drugs reveal 
a substantial effect on reducing the infection at each stage of malaria life cycle.

The model was extended to incorporate the effect of immune responses using nonlinear bounded 
Michaelis- Menten-Monod functions to describe how immune responses interact with infected 
cells and parasites. Our results revealed that immunity has significant influence on reducing 
malaria infection at erythrocytic and sporogonic stages, but not at exo-erythrocytic stage.

The impacts of model parameters on control of malaria infection were assessed through the 
sensitivity analysis of TZq. Despite having lower sensitivity index compared to death rate of 
merozoites. and death rate of schizonts have greater impact on malaria control than that of 
merozoites.

In this study, a basic mathematical model for the in-human host and in-mosquito dynamics 
of malaria parasite is formulated. A positive invariant region of the model was established, 
and a basic reproduction number 7vo, of the model was computed. Conditions for existence 
and stability of two equilibrium points: malaria free equilibrium (MFE) and malaria infection 
equilibrium (MIE) were established.
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CHAPTER ONE

Introduction

1.1 Background Information

I

Malaria is a communicable disease caused by a Plasmodium parasite and transmitted to humans 
through bites of female mosquitoes of genus Anopheles. Over 430 species of Anopheles exists, 
but only 30-40 of them can transmit malaria (Centers for Disease Control and Prevention, 2015). 
Moreover, out of a hundred plus species of plasmodium which can infect vertebrates, only four: 
plasmodium falciparum, plasmodium vivax, plasmodium ovale and plasmodium malariae infect 
humans (U. S. National Institute of Allergy and Infectious Diseases, 2007).

Despite numerous efforts taken by both governments and non-governmental organizations to 
combat malaria, the impact of the disease on public health and economic growth is still high 
(Chamwali, 2013: White et al., 2014). For instance, malaria constitutes 9-10 percent of the 
total of Africa’s disease burden with dreadful economic consequences (Onyido et al., 2010). 
Moreover, according to World malaria report (WHO, 2015), about 3.2 billion people worldwide 
are still at risk of contracting malaria and 80% of people who die of malaria are in Africa, and 
the incidence is high in sub-Saharan Africa. Between 2005 and 2014, the global expenditure on 
treatment and control of malaria increased from US$ 960 million to US$ 2.5 billion al rate of 
1%.

P.falciparum is the most pathogenic and highly fatal species of plasmodium that infects hu­
mans, which is prevailing in Africa. P.vivax is the widespread and predominant species that 
causes malaria in temperate regions (Latin America and Southeast Asia), but with less impact 
compared to P.falciparum. Two remaining species constitute a small percent of human malaria 
infection worldwide (Medicine for malaria venture, 2016). However, plasmodium parasites of 
all these species develop through almost the same life cycle.

1.1.1 Malaria Life Cycle
The life cycle of plasmodium is a complex and multi-stage, in which a parasite lives within two 
living organisms: a vertebrate host and a mosquito vector. To comprehend the cycle, we concep- 
tulize it as set of three sub-cycles: the exo-erythrocytic cycle (a), the erythrocytic cycle; if) and 
the sporogonic cycle (c) as indicated in Fig. 1. The first two take place within human being 
and last-mentioned occurs in mosquito. In a definitive host (mosquito), plasmodium undergo
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Figure 1: Malaria Life Cycle [Source: Centers for Disease Control and Prevention (2016)1

The exo-erythrocytic cycle is initiated by a bite from a parasite-carrying mosquito which seeks

hepatic cells, where they may remain for months or even years before being activated and cause

2

I

for blood to facilitate egg development, where sporozoites are injected into the bloodstream 
through the dermis (T). A number of injected sporozoites into human per bite is independent 
of sporozoites’ population in mosquito’s salivary gland (usually less than 25 sporozoites per 
bite), (Da etal., 2015). Sporozoites quickly migrate to the liver and penetrate HLCs (T), where 
they develop to schizonts ;-(4) that burst and give rise to thousands of mcrozoites (Corradin 
and Levitskaya, 2014) into the bloodstream marking the beginning of erythrocytic cycles. But 
for P.vivax and P.ovale, some of the liver stage parasites termed hypnozoites remain dormant in

sexual reproduction while in a human (intermediate host), they undergo asexual reproduction, 
initially in hepatic liver cells (HLCs) and then repeatedly, in red blood cells (RBCs).
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3

1.1.2 Malaria immunology
A major role of the human immune system is to defend a body against the infection-causing or­
ganisms. called pathogens like bacteria, virus, fungi and parasites. Human immune system has 
two main components termed as: innate (non-specific) immunity and adaptive (specific) immu­
nity. Innate immune responses defend the body against any pathogenic invasion, while adaptive 
immune responses provide protection against a specific pathogen, and usually comes into action 
after the infections outrun the innate immunity. Innate immune responses include macrophages, 
interferon (IFN) and natural killer (NK) cells, while T-lymphocyte (cytotoxic T and helper T 
cells) and B-lymphocyte (B-cells) are some elements of adaptive immune responses. Cellular- 
mediated responses involves cell effectors such as cytotoxic T (CD8+ T) and NK cells to kill 
intracellular pathogens while humoral responses involve effector molecules such as antibodies 
(secreted by B-cclls) to clear free pathogens in body’s fluid such as blood.

Merozoites invade RBCs <5 . and initiate another mitotic replication within RBCs which is 
faster and less prolific compared to that in the liver (Chiyaka et al., 2008). Then, they develop 
into erythrocytic schizonts ( 6 which finally burst and release an average of 16 merozoites (Gar­
cia ct al.. 2006; Tumwiine et al.. 2008) which re-invade new healthy RBCs. For still unknown 
reasons, some of these merozoites (approximately 1%) switch to the sexual form of parasites 
termed gametocytes 7 (Kiszewski. 2010: Delves ct al.. 2012). a form of the parasite respon­
sible for transmission to mosquito (Klein, 2013). and it takes place at or before the merozoites 
stage (Bannister and Sherman, 2009).

relapses by attacking RBCs. Therefore, the asexual replication may be instigated without a new 
mosquito bite.

In malaria infection, both innate and adaptive immune responses are stimulated (Li et al., 2011; 
Langhorne et al.. 2008) to obstruct parasites by either preventing the re-invasion of parasite 
or increasing the death rate of infected cells (Good, 2001; Stevenson and Riley, 2004; Li 
et al., 2011), and both humoral and cell-mediated immune effector mechanisms are involved

The sporogonic stage of parasite’s life cycle begins when a parasite-free mosquito ingests the 
mature gametocytes (8 >, which are sexually dimorphic (microgametocytes and macrogameto­
cytes) during its blood-meal, which then transform into gametes within the mosquito’s midgut 
9 . 1 he number of gametocytes ingested by mosquito per bite depends on gametocytes’ den­

sity in bloodstream (Da et al.. 2015). Ingested gametocytes generate male and female gametes 
within the mosquito, which then fuse and further develop into oocysts (. The oocysts 
rupture and release an average of 1000 sporozoites each (Nelson and Williams, 2014) that mi­
grate to salivary glands ready for new mosquito-human transmission 12 ').
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1.1.3 Antimalarial Drugs and Malaria Life Cycle
Pharmacotherapy is one of the the top three interventions to control and eliminate malaria, along 
with the use of insecticide-treated mosquito nets and indoor residual spraying (WHO, 2015). 
Antimalarials are categorized according to their pharmacodynamics and the stage in parasites 
life cycle they target. A tissue schizonticide is an antimalarial drug that destroys sporozoites or 
hepatic schizonts to prevent erythrocytic invasion, while the blood schizonticide is an antimalar­
ial drug which acts on the asexual erythrocytic forms of parasites such as schizonts and mero- 
zoites to terminate the clinical attacks. A drug that destroys gametocytes in the bloodstream and 
prevents human-mosquito transmission is termed a gametocytocide. An antimalarial drug that 
inhibits sporogonic phase of malaria parasite within mosquito is called sporontocide. It either 
inhibits the formation of ookinete (fusion of gametes) and oocysts or kills sporozoites within a 
mosquito (Bullock and Manias, 2013).

in immunology of malaria (l^inghorne et al., 2008; Kinyanjui, 2012). Antibodies neutralize 
the sporozoites and merozoites and inhibit sporozoites' invasion to HLCs (Kinyanjui, 2012; 
Langhorne ct al., 2008) and merozoites’ invasion to RBCs (Tumwiine ct a!., 2008; Kinyanjui, 
2012). They also restrain the parasite growth (Chiyaka etal., 2008; Kinyanjui, 2012; Dent etal., 
2008). Macrophages are activated by NK cells to intensify phagocytosis and clearance of intra- 
erythrocytic parasites (Artavanis-Tsakonas el al., 2003). The IFN-7 produced by CD8 *" T cells 
(in help of CD4b) inhibit growth of, and kill intrahcpatic parasites (Kinyanjui, 2012; Artavanis- 
Tsakonas ct al.. 2003; Langhorne ct al., 2008). Moreover, antibodies and complement system 
that are ingested by mosquito during blood meal mediate the lysis of gametocytes and inhibit 
development of parasite in the mosquito (Langhorne et al., 2008).

A combination therapy is a treatment in which two or more classes of drugs with different 
biochemical properties and independent mechanism of actions are administered to a patient. 
Despite increasingly drug resistance by parasites, the use of antimalarial combination therapies 
is reported to be effective (Targett et al., 2001; Price and Douglas, 2009; Eziefula et al., 2014) 
as it reduces a likelihood of parasite to develop a drug resistance. However, this effectiveness 
is associated with the species of plasmodium and the stage of its life cycle that is targeted. 
For example, almost all blood schizonticides including artemisinin derivatives also serve as 
gamctocytocides for immature gametocytes of P.falciparum, and mature gametocytes for other 
three remaining species (White, 2008; Boni et al., 2008; Eziefula et al., 2014). Primaque is the 
only existing gamocytocide for mature P.falciparum (Feachem and Sabot, 2008; White, 2013), 
that serves as tissue schizonticide for all species of Plasmodium (Sirimulla, 2007). Additionally, 
Primaque has a sporontocidal activity for all species with exception of P. falciparum (Kiszewski, 
2010).
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As a consequence of the emergence and re-emergence of the disease, there have been a dramatic 
increase in mathematical modelling of both between-host and within-host dynamics of malaria. 
To date, various between-hosts models have been developed, which incorporate different fea­
tures such as seasonality (Singh el al., 2005), immunity (Tumwiinc el al., 2007a; La bad in et al., 
2009; Cai et a!.. 2013), immigration (Singh et al., 2005; Tumwiinc et al., 2010), age structure 
(Tumwiine et al., 2008). vector contact rates (Lutambi et al., 2014), and effects of heteroge­
neous transmission rates (Chitnis. Smith and Steketee. 2008) and the references therein.

On the other hand, a number of studies on mathematical modelling of in vivo (within-host) 
dynamics of malaria parasites have been done. Anderson el al. (1989) introduced the earliest 
model for in vivo dynamics of malaria, in which the interaction between uninfected RBCs, in­
fected RBCs, and free meroz.oites was discussed. Extension of the model was done by many 
authors to incorporate the effect of immune effectors |Sec examples in Iggidr et al. (2006); 
Tumwiine et al. (2008); Dube et al. (2010); Li et al. (2011)], though some of these studies such 
as Li el al. (2011) ignored the absorption effect of parasites on human cells, where both pop­
ulations (uninfected cells and parasites) decreases during the infection. However, the works of 
Tumwiine et al. (2008) and Chiyaka et al. (2008) are examples of studies in which the absorp­
tion effect was incorporated. In these studies, clearance of both free parasites and infected cells 
by immune responses were modelled cither as a simple mass-action (Tumwiine et al., 2008; 
Chiyaka et al., 2008), an unbounded function or using the Michaelis-Menten-Monod function 
(MMMF) which is a nonlinear bounded function (Li et al., 2011). In addition, Chiyaka et al. 
(2008) incorporated the effect of antibodies to inhibit parasites’ production or block invasion of

Oxer the past century, the use of mathematical models in examining the transmission dynam­
ics of malaria has increasingly attracted researchers' interest (Mandal et al., 2011). The earliest 
mathematical model for malaria transmission was formulated by Ross in 1911 (Cai etal., 2013), 
which concluded that elimination of malaria can be achieved by reducing a mosquito population 
to be less than a certain threshold value, that depends on a number of mosquito bites and vecto­
rial capacity. This was criticized by Tumwiine et al. (2014) that reducing mosquito population 
would have little effect on the epidemiology of malaria in areas with intense transmission.

1.1.4 Mathematical Modelling on Malaria Dynamics
Mathematical models have been the useful tool to study the dynamics of infectious diseases 
because in most cases, real experiments are cither impossible, unethical or expensive (Lutambi 
et al., 2013). Understanding the complexity of pl as mod ium’s life cycle, where parasite devel­
ops through various stages with unique shape and structure, suggests the use of mathematical 
models to increase insight on the disease dynamics and improve the likelihood of developing 
new safe and effective control strategies to rid us of malaria.
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Rationale of the Study1.2

1.4 Objectives
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1.4.2 Specific objectives
The specific objectives were:

Pharmacotherapy is among the best interventions against malaria (WHO. 2015). Antimalarial 
drugs arc categorized according to their pharmacodynamics and the stage in plasmodium’s life 
cycle they target. One advantage of combination therapies is to reduce the development of drug 
resistance, as pathogens may not be resistant to multiple drugs simultaneously. However, most 
of the currently used antimalarial drugs target mainly the erythrocytic stages of plasmodium’s 
life cycle, but the eradication of malaria requires new drugs that will target various stages of the 
entire plasmodium’s life cycle (Delves ct al.. 2012). Thus, the in-human host and in-mosquito 
dynamics of plasmodium in relation to their interaction with combination therapy should be 
investigated to get insight on developing a new safe and effective drug to eradicate or control 
malaria.

Evaluating the efficacy of control strategics through controlled experiments is practically infea­
sible. unethical or expensive (Lutambi et al., 2013). Malaria parasite has a complex and multi­
stage life cycle, in which parasite goes through distinct developmental stages as it moves from 
the mosquito to the human and back again. Understanding the complexity of this life cycle, sug­
gests the use of mathematical models to increase insight on the disease dynamics and improve 
the likelihood of developing new effective control strategies. In this study, we formulated and 
analyzed the mathematical models which describe in-human host and in-mosquito dynamics of 
malaria parasite in entire life cycle of malaria parasites with effects of stage-specific immune 
responses and drug therapy.

1.4.1 General objective
The general objective of this study was to formulate and analyze mathematical models for in­
human host and in-mosquito dynamics of malaria parasite in the entire life cycle with effects of 
stage-specific immune responses and drug therapy.

1.3 Statement of the Problem



1.5 Research Questions

(ii) Why does the malaria persist?

(iii) How can the immune system work during malaria infection?

(iv) How can malaria infection of individual with temporary immunity be controlled?

(v) What do current antimalarial drugs target?

(vi) What are the best antimalarial drugs to be used in controlling malaria?

Structure of the Dissertation1.6

This work comprises of six chapters and the rest of the chapters are organized as follows:

7

This study intended to answer the following research questions:
(i) How can the malaria infection of non-immune individual can be controlled?

Chapter 3: Stability analysis of equilibrium points of the model formulated in Chapter 2 is 
established, whereby conditions for their existence and stability are discussed. The chapter also 
presents numerical simulations to support and complement the theoretical findings.

Chapter 4: In this chapter, we extend the basic model presented in Chapters 1 and 2, by in­
corporating the effect of immune responses in all three phases of plasmodium’s life cycle. An

(iii) lb formulate and analyze a mathematical model for the in-human host and in-mosquito 
dynamics of malaria parasites with effect of treatment.

(ii) To formulate and analyze mathematical model for the in-human host and in-mosquito 
dynamics of malaria parasites with effect of immune responses.

(i) To formulate and analyze a basic mathematical model for the in-human host and in­
mosquito dynamics of malaria parasites.

Chapter 2: Mathematical description and formulation of a basic model for in-human host 
and in-mosquito dynamics of malaria parasites is presented. Analysis of the model including: 
determination of a positive invariant region, the existence of malaria-free equilibrium and com­
putation of basic reproduction number, 7£0. Furthermore, the chapter covers discussion on the 
sensitivity analysis of 7£0 and some numerical simulations to assess impact of model parameters 
on 7£(i-



1.7 List of Articles
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extended model is analyzed. Numerical simulations and a detailed discussion of the results is 
presented.

Chapter 5: In this chapter, we extended the model presented in Chapter 4 by incorporating the 
effect of drugs in various stages of plasmodium's life cycle. Analytical and numerical analysis 
of the extended model arc presented.

Chapter 6: This chapter summarizes the results and concludes the study by giving recommen­
dations on possible directions for extending this work.

The following articles were prepared for publications in the course of this study:
(i) Selemani. M. A, Luboobi, L. S. and Nkansah-Gyekye, Y. (2017a). Modelling the in­

human host and in-mosquito dynamics of malaria parasites. Journal of Mathematical and 
Computational Science, 7(3): 430-455.

(iii) Selemani. M. A, Luboobi. L. S, and Nkansah-Gyekye, Y. (2017b). The in-human host 
and in-mosquito dynamics of malaria parasite with immune response. New Trends in 
Mathematical Sciences, 5(3): 182-207.

(iv) Selemani. M. A. Luboobi, L. S, and Nkansah-Gyekye, Y. Modelling the in-human host 
and in-mosquito dynamics of malaria parasite with effect of immune responses and anti- 
malarial therapy. Mathematical Biosciences (In Review).

(ii) Selemani. M. A. Luboobi. L. S. and Nkansah-Gyekye, Y. (2016). On Stability of the in­
human host and in-mosquito dynamics of malaria parasites. Asian Journal of Mathematics 
and Applications. 2016.



CHAPTER TWO

Modeling the in-human host and in-mosquito dynamics of Malaria Parasite1

2.1 Introduction
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Abstract
In this chapter, we proposed a basic mathematical model to describe in-human host and in­
mosquito dynamics of malaria. The basic reproduction number. 7v() of this model is estab­
lished. Sensitivity analysis of 7?.() with respect to each of the parameters is carried out in model 
validation. Based on their sensitity indices, effects of these parameters were discussed to de­
termine their implications in the control of malaria infection. Infection rate of red blood cells 
(RBCs) by mcrozoites, the death rate of merozoites, number of merozoites released per ruptur­
ing schizont were found to be crucial parameters in control strategies. Moreover, a number of 
merozoites released per rupturing schizont and the proportion of merozoites that proceed with 
asexual replication are the most sensitive parameters. However, numerical simulations show 
the latter is biologically impractical since a reduction in its magnitude reduces the number of 
merozoites and al the same time increases the number of gametocytes. Despite having lower 
sensitivity index compared to the death rate of mcrozoites. the death rate of schizonts has a 
greater impact on malaria control than that of merozoites.

Despite being both preventable and curable, the impact of malaria on both public health and 
economic growth worldwide is still increasing (White et al., 2014). Children under the age of 
five years and pregnant women are the most affected groups, and the incidence is highest in 
sub-Saharan Africa. For instance, in 2012, malaria killed almost one child below the age of 
five years in every minute worldwide (WHO, 2013) and global expenditure on malaria control 
increased from an estimated USS 960 million to USS 2.5 billion at annual rate of 4% between 
2005 and 2014 (WHO, 2015).

In vertebrate hosts, malaria infection is caused by parasites of more than one hundred species 
of Plasmodium, but only four of these: Plasmodium falciparum, Plasmodium vivax, Plasmod­
ium ovale and Plasmodium malariae infect humans. Among them, P. falciparum is the most 
pathogenic to humans, especially in Africa. The infection due to P. falciparum can develop 
quickly and produce several life-threatening complications such as miscarriage, fluid in the

'This chapter is based on the research paper: Mohamed A. Selemani, Livingstone S. Luboobi, Yaw Nkansah- 
Gyekye. Modelling the in-human host and in-mosquito Dynamics of Malaria Parasite (2017a). Journal of Mathe­
matical and Computational Science, 7(3): 430-455.
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The erythrocytic cycle starts when the released merozoites recognize and invade RBCs. After 
48 hours, merozoites starts another mitotic replication in RBCs which is quicker and less pro­
lific compared to that in the liver (Chiyaka et al., 2008). In RBCs they develop into matured 
schizonts through ring and trophozoite stages, which finally rupture and release an average of 
16 new merozoites per infected RBCs (Garcia et al., 2006) that re-invade other healthy RBCs. 
In each replication cycle, merozoites develop into one of two ways, either as asexuals, which 
go on to produce other new merozoites, or sexually, as gametocytes, which is form of parasite 
responsible for transmission to mosquito (Klein, 2013). Although, the reason some merozoites 
switch to gametocytes is not adequately researched, this occurs at or before the merozoites stage 
(Bannister and Sherman, 2009).

Between human hosts, malaria parasites arc transmitted by bites of infected female mosquitoes. 
Malaria parasite has a complex and multi-stage life cycle in which parasite goes through over a 
dozen of discernible stages of development as it moves from the mosquito vector to the human 
host and back again (Oaks Jr et al., 1991). A simple way to conceptualize this cycle is to con­
sider it as a set of three sub-cycles: the exo-eiythrocytic cycle (stage 1-3], the erythrocytic cycle 
(stage 4-51 and the sporogonic cycle (stage 6-9] (See Fig. 2). The first (wo cycles take place in 
human being and the latter occurs in mosquito. In mosquitoes, malaria parasites undergo sexual 
reproduction by merging the parasites sexual cells (macrogametes and microgametes) while in 
human, the parasite undergo asexual reproduction (by cell division), initially in hepatocyte liver 
cells (HLCs) and then, repeatedly, in red blood cells (RBCs).

The exo-erythrocylic cycle starts when the infected mosquito injects sporozoites, infectious 
form of parasites, into human host’s skin during its blood meal. Within 15-30 minutes sporo­
zoites travel to the liver through some defensive hepatic macrophages (Kupffer cells) which are 
impermeable to drugs (Dube et al., 2010). The number of sporozoites injected is independent 
of sporozoites number within mosquito’s salivary gland, and in most case less than twenty five 
sporozoites are injected per bite (Da et al., 2015). In the liver, sporozoites infect the HLCs 
where they undergo asexual (mitotic) replication and mature to schizonts. After 5-16 days 
matured liver schizonts rupture and release thousands of merozoites, invasive form of malaria 
parasites, into the blood stream.

lungs, kidney failure, abnormal liver function, anemia, low blood sugar. However, with imme­
diate and effective treatement, it is always curable (Tumwiine et al.. 2008; WHO, 2015).
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Figure 2: Malaria Life Cycle: (Klein, 2013)

The sporogonic cycle starts when a blood feeding-mosquito takes its meal and ingests game­
tocytes which then transformed into gametes within the mosquito’s midgut. The number of
gametocytes ingested by mosquito per bite depends on gametocytes load in bloodstream (Da
et al.. 2015). The male and female gametes fuse and form a mobile fertilized zygote called
ookinete that develops into oocyst. Finally, oocysts grow, rupture, and release sporozoites that
migrate to the mosquito's salivary glands, ready for transmission to a new host.

Mathematical models have been a useful tool to study the dynamics of infectious diseases be-

Several studies on mathematical modelling of in vivo dynamics of malaria parasites have been
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cause in most cases real experiments are either impossible, unethical or expensive (Lutambi 
et al., 2013). Undcstanding the complexity of this life cycle, where parasite develops through 
various stages with unique shape and structure each, suggests the use of mathematical models to 
increase insight on the disease dynamics and improve the likelihood of developing new safe and 
effective control strategies to rid us of malaria (Haque and Engwerda, 2014; Cai et al., 2013).
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2.2 Model Formulation

2.2.1 In-human Host and in-mosquito Dynamics of Malaria Parasites

12

All of these studies discussed the erythrocytic dynamics of malaria parasites. To the best knowl­
edge of the authors, exo-erythrocytic and sprogonic dynamics have not adequately covered in 
the study of mathematical modelling for dynamics of malaria parasites. Moreover, Prudencio 
et al. (2011) argued that liver stage has greatest and most under-exploited potential for inter­
vention, despite being the most understudied stage of malaria parasite. In this chapter, we 
formulated and analyzed a basic mathematical model that includes all phases of malaria para­
site's life cycle, in which the sporozoitcs-HLCs and merozoites-RBCs interaction assumed to 
be the mass action.

Within the vector, when the mosquito bites the infected human it takes in gametocytes, which 
develops into mature sexual cells called gametes, Gm. The female and male gametes fuse 
and develop to Oocysts, C; and finally ruptures and form sporozoites, S,n. Table 1 shows the 
variables of the model.

The model has two settings, within the human host and within the mosquito. Within the human 
host, the cells are divided into two sub-populations namely, the hepatocytes liver cells (HLCs) 
and the red blood cells (RBCs). HLCs are divided into uninfected HLCs, II\ early infected 
HLCs, 7/,; and matured infected HLCs (Liver-Schizonts), 7/,. The RBCs are divided into unin­
fected RBCs, 7?; early infected RBCs, 7r; matured infected RBCs (Blood-Schizonts), 7’P; which 
develop to cither asexual form called merozoites, or sexual form called gametocytes, Gf>.

done. Among the earliest models used to discuss in vivo dynamics of malaria was the one 
presented by Anderson and others in 1989 as described in Chiyaka et al. (2008) and Iggidr 
et al. (2(X)6). where interaction between unifected RBCs, infected RBCs, and free merozoites 
was discussed. The extension of this model was done by many other authors to include immune 
effectors. |Sce Tumwiine et al. (2008); Chiyaka et al. (2008); Li et al. (2011) and the references 
therein 1. Further extension of the model was done by Chiyaka et al. (2008) to include the 
antibodies and treatment.



Tabic 1 :List of state variables

Variable
 

Description  

II and Ih die at rates, and respectively, while Th dies at a rate ptfl. Similary, R and Ir
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An uninfected mosquito bites an infected human and ingests the gametocytes, Gb’, which de­
velop further into mature sexual cells called gametes, Gni', at the rate pqwGb, where p is number 
of bites a mosquito made during its lifetime, w is number of gametocytes ingested per bite and 
q is probability that a mosquito bite is infective to mosquito while Gb is number of gametocytes 
in blood stream. In the mosquito’s midgut the microgametes fuse with macrogametes to form 
ookinetes that develop into oocysts C, at a rate, a3Gm. Then, C\ ruptures to release sporozoites 
S„, at a rate, which migrates to salivary glands ready for infection to the new host.

An infected mosquito bites an uninfected human host and injects the sporozoites, into the 
bloodstream at constant rate ubv, where a is probability that a mosquito bite is infective to 
human, b is number of mosquito bites per individual, and // is number of sporozoites injected 
per bite. Within a short period of time (usually 15-30 minutes), sporozoites travel to the liver, 
where they attack the healthy HLCs, II at a rate fl^ShlT, and multiply asexually in liver cells to 
generate infected HLCs Ih, which progress to liver-schizont. Th at the rate, a\Ih- Over time, Th 
rupture to release merozoites, M at the rate d’i7&. Merozoites enter the bloodstream and attack 
uninfected RBCs. R: at the rate /72Z?AZ. and multiply again to generate infected RBCs, Ir. The 
Ir develop to blood-schizont, Tr at a rate tv2Zr- The Tr rupture to release r2 new merozoites per 
cell at a rate. d‘27'r. Some of these released merozoites continue with asexual multiplication to 
produce other merozoites, at pi^Tr and invade new RBCs. Some of them switch to gametocytes, 
Gi, (sexual form) at a rate (1 - p)d272.

number of sporozoites in human
number of uninfected HLCs
number of infected HLCs
number of liver schizonts
number of blood schizonts
number of merozoites
number of uninfected RBCs
number of infected RBCs
number of gametocytes
number of gametes
number of Oocysts
number of sporozoites in mosquito  

Sh : 
If : 
h, : 

Th : 
Tr : 
M :
R : 
I. : 

Gh : 
G,„ : 

C : 
s„, ■
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Table 2 : Parameters and their descriptions

Pgm

Pc

P„m

P.ih

P

P 
A,

<1
U>

Pih

I'lh 

,h 
rt2

Pr

Pit

Ph­

il,n

Pgi' 

rt3 
r3

die at rates pr and pir respectively while 7’r dies at a rate ptr- The death rates of Sh and Sm 
are /ish and respectively, and that of XI is, The HLCs and RBCs are recruited from 
bone marrow at rates A/, and Ar respectively. The parameters used in this model are described 
in Table 2.

Parameter Description

probability that a bite infects human 
number of mosquito bites per individual 
number of sporozoites injected per bite 
infection rate of HLCs by sporozoites 
number of merozoites per liver schizont 
progression rate of infected HLCs to schizonts 
rupture rate of liver schizonts 
the recruitmet rate of HLCs
natural death rate of uninfected HLCs 
death rate of infected HLCs 
death rate of liver-schizonts
infection rate of RBCs by merozoites 
rupture rate of blood schizonts
progression rate of infected RBCs to schizonts 
number of merozoites per blood schizont 
probability that a bite is infectious to mosquito 
number of gametocytes ingested per bite 
number of bites made by mosquito in its lifetime 
the recruitmet rate of RBCs 
natural death rate of uninfected RBCs 
total death rate of uninfected RBCs 
death rate of blood-schizonts 
death rate of merozoites
death rate of gametocytes in bloodstream 
rupture rate of Oocysts
number of sporozoites per Oocyst 
progresion rate of gametes to Oocysts 
death rate of gametes in mosquito's midgut 
death rate of Oocysts
death rate of sporozoites in mosqouito 
death rate of sporozoites in human liver 
proportion of asexual that differentiate to merozoites



The HLCs arc regenerated at constant rate from bone marrow stem cells and die naturally.(i)

rhe RBCs are released from bone marrow at a constant rate and die naturally.(ii)

(iii)

(iv)

The infected cells die faster than uninfected ones.(v)

(vi)

The ingested gametocytes either die or macrogametes and microgametes successfully fuse.(vii)

Constant proportion of asexual parasites converts to gametocytes within each cycle.(viii)

(ix) The cycle starts when the infected mosquito bites the human.

(x) Bite of an infected mosquito onto an infected host is neglected.

(xi) Survival of mosquito depends on human blood for developing their eggs.
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I'he injected sporozoites and the released mcrozoites either die or successfully infect the 
HLCs and RBCs respectively.

Mosquito-human infection is independent of sporozoites load in salivary gland, while 
human-mosquito infection depends on gametocytes load in blood stream (Da ct al., 2015).

2.2.3 Compartrnental diagram
Based on the dynamics described in Subsection 2.2.1 and the assumptions described in Sub­
section 2.2.2, the proposed model for the in-human host and in-mosquito dynamics of malaria 
parasites is shown in Fig. 3. the variables and parameters are described in Table 1 and Table 2 
respectively.

2.2.2 Model Assumptions
In development of this model, we made the following assumptions:
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pJ.

2.2.4 Model Equations
Based on the variables and parameters which are respectively described in Table 1 and Table 
2, and the assumptions stated above, the in-human host and in-mosquito dynamics of malaria, 
captured in Fig. 3, are governed by the following system of ordinary differential equations.

i ■
i 
i

Figure 3: Model compartmcntal diagram for the in-human host and in-mosquito dynamics of malaria 
parasite
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A/, - fliShll - mji, (2.1a)

(2.1b)

(2.1c)

(2. Id)

(2.1c)

(2. If)n2Zr Pir

(2.1g)

=(1 - p}r^2'rr - qwGh - (2.1h)

(2. li)

(2. Ij)

(2.1k)

(2.11)Psh^h-fhShH

2.3 Analysis of the Model

Nh(t) = H(t) + Ih(t) + Th(t)

to be the total population of liver cells which implies

+ +

Then,

- Aa - phH — puJh — (pth +
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dZh(t) 
dt

2.3.1 Invariant Region
Using equations (2.1 a)-(2. Ic) we define the function

In this section, the invariant region, the positivity of solutions and existence of malaria free 
equilibrium of model system (2.1 a)-(2.11) are studied. The invariant region describes the region 
in which the solutions of the system are biologically feasible whereas positivity describes non 
negativity of the solutions of the system.

dAT^f) dZ7(Q 
dt dt

dTh(t) 
dt

dNfl 
dt

— T3A3A nyS,n Pstn^im

— tll 11 ryi\G ln.

dll
dt

dt

- Wh ~ Pn,Th-dt

^rM + prtW, - fljKM - llmM.(It
™ -=Ar - H2/?Af - p.rI{,

dt
=rr2/r - d27’r - //,r7’r

tit
dGh
dt

dGni
dt
dC—r— — anGtll — rt-jG - p,-C,
dt

dS,„
dt
dSh
—— =tibl/
dt



and hence.
< Ah - n\Nh, (2.2)

where.

(2.3)

M.(/) < Ar/.(0), VI­ VA)

The value of e

(2.5)

Hence from inequalities (2.4) and (2.5). we conclude that

(2.6)

Nr — Ii.+ Ir + Tr

— Ar Ih-R /l-ir^r (.Ihr 4" ^2)-^r

hence
< Ar - fi2Nr (2-T)
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for all values of t and whatever value of 7V/,(0).
In similar approach, from equations (2.1e)-(2.1g) we define the function

Hi = min{//,,. iilh + rtj}

since we assumed that the infected cells die faster than uninfected one, which guarantees that
Ph P»h •

Using Birkhoff and Rota's theorem on differential inequalities, solving inequality (2.2) and 
applying initial conditions, we get

N„(t) < — + {%,(())- 
Pl \ Pl

as the total population of RBCs which implies that 

d/Vr 
dt

dNh 
dt

dNr 
dt

< — 
Pl

Nh(t) = II(t) + Ih(t) + 7/,(t) < max

Here there are two cases to consider on (NdO) - — ]
\ Pi /

Case 1: When Nh (0) - — > 0.
Pi

The largest value of right-hand side (RHS) ot inequality (2.3) occurs at t = 0, and that value is
M.(0).
Hence,

Nh(0), 
Pl

Case 2: When /V/i(0) - — < 0, 
Pi

M.(«) - 
pi

Therefore, the largest value that the RHS of inequality (2.3) takes is —, V/.
Thus.

A
Pi

/<1/ is negative and it approaches 0 as t oo.

. ----- _. .. ---- . . Ah
th



(2.8)

/Vr(Z) < ATr(0), V/. (2.9)

Vf.

(2.10)

Hence from (2.9) and (2.10), we deduce that

(2.11)► ,

for all values of t and any value of Arr(0).

From (2.Id), the population of merozoites in bloodstream. A/ is governed by

(2.12)

Using (2.6) and (2.11) we can respectively deduce that

(2.13)

(2.14)

Solving this we get

(2.15)

and by similar procedures we deduce that
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, Ar 
"P2.

where //•> — min{/ir, /ilr + d2}
Solving inequality (2.7), we obtain

dM 
clt

Case 1: When ATr(O) - — > 0, 
P2

The RHS of inequality (2.8) assumes its largest value which is A”r(0) at t = 0
Hence,

M (0), — 7’i d'i — + pr2d'2A'/(t) < max

Arr(0 = H(t) + fr(f) + 7r(t) < max <

A/i - A,- _ _
< 7'] (>i — + pr2d2-------ftmM

Pi P2

A7(/) < 
P2

Th(t) < and Tr(i) < 
fl>\ p2

Substituting inequality (2.13) in the differential inequality (2.12), we get

~ = rM+p/M - foRM - p.,„M dt

A'r(()<—+(A'r(0)- —
P2 \ 11-2

/Vr(0), —
P2

A/(Z) < — nrfi— 4-p7’2<fe— + (.A/(0)----- — 7’1 dj— + P72d2 —

L Pl /*2 J \ lL"> Pl P2.

Case 2: When Af,.(O) - — < 0,
/i'2

( ■ A,.\
The value of I A',.(0)------I is negative and it approaches 0 as t —> oo.

\ Fa /
Therefore, the largest value of the RHS of inequality (2.8) is —.

/'21 hus.

Ah

Pi

1
/■7„i |_

A/,
Pi

1A,.]
P2j



From equation (2.1 h). the population of gametocytes in bloodstream, Gb is governed by

- (1 - pjr-jrtaFr — <]U}Gb - pgbGb < (1 — p)l'2A2Tr ~ PgbGb

and so

<(l P^h’/’r (2.16)PfibGi,

(2.17)

and whose solution is

CM < Gh(0) - (2.18)

We, then consider two case as follows:

Case 1: When I Gb(0) - is positive.

the RHS of (2.18) takes its largest value al t = 0, and that value is 67,(6). Thus,

Gb(t) < Gb(0). V/ (2.19)

Case 2: When I 67,(6) - is negative.

c is always negative and it approaches 0 as t —> 00.Then I G',,(6) -

Vf.

G,,(0 < (2.20)

G6(0), (2.21)

Using equations (2.1 i) and (2. Ij) we define

Nm(t) = GM + C(t)

as total the population of parasites in mosquito's midgut which implies that
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Therefore, the largest value that the RHS of inequality (2.18) is 

Thus.

dGh 
(It

dN,n 
dt

dGb 
dt

Using (2.13) in the inequality (2.16) we have

67, (f) < max

= qpwGb - pgmGm

(1 - p) 7-2^2 Ar
Pub P2

(1 - 7>)7-2A2 A,.
Pub P2

(1 - p)r262 Ar
Pub P2

(1 - p) 7-2^2 Ar
Pub P2

(1 - p)r262 Ar
Pub P>

(1 - p)r262 Ar'
Pgb P2 „

(1 - p)r2ii2 A,-
Pub P2''

Hence from inequalities (2.19) and (2.20), we conclude that

—7 “ < (1 - P)''2^2— “ PqbGb dt p2

(1 - p)r2tS2 A,-
Pflb P2



(2.22)

(2.23)< <//**-’

whose solution is

A';„(d A'„,(0)- < (2.24)

Similarly, from (2.24) we deduce that

(2.25)

(2.26)

and
= abv - - pshSk < abv - p„hSh (2.27)

(2.28)

and its solution is given by

(2.29)
Psm M3I1 mu M3

and hence we conclude that

Sm(t) < max MO),
Ms»» Ms

Solution of inequality (2.27) is given by

(2.30)

which leads us to
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dt
Using (2.25). the inequality (2.26) becomes

tl5,„ 
dt

dA',„ 
dt

dSm 
dt

AN,,, 
dt

sh<^+(s,.(0-)-^ 
Psh

Lastly, from equations (2.1k) and (2.11), the populations of sporozoites in mosquito’s salivary 
glands, S,„ and that in human liver, S;t are respectively governed by

Af„,(/) = G,„(t) + C(t) < max

< qpjjGh - p3N,„

r363 qpw (1 -p)i'2^Ar'
Pgb M2.

Z’sd's qpjJ [ (1 - p)r262 Ar~

Pgb M2.

where //_■< = inin{p(/,„. p,.}.
Using (2.21). the inequality (2.22) becomes.

e

g -If'umt-

Sh(t) < max < Sn(0), 
, Psh

s,„

qpw (1 - p)r >d > A,.
?‘s03------------------------------

P3 Pgb P2

VW [(1 ~ P)f'2^2 Ar~

Pgb M'2.

ir’ !■

(1 - p)r262 A,.
Ihlb P2

Nni(0), 
P3

— ^'3^3^ fl.vSln PsmSm ^’S^.'jC PsmSm

Ptjb M2 J \

qpw (1 - p) r2d~2 Ar
/^S Pub P2

qpw (1 - p)t262 a,.---------------------------------p
P-;lb P2

abv
Psh



Therefore, the solution set for the model (2. la)-(2.11) is feasible and enters the region

G’f,(0),

< max

(fZ(0),//4(0).7/i(0)..W(0)./?(0)./,.(0).7;.(0).G'/,(0).G',„(()).C(0).5,„(0),S\(())) > 0.

then the solution

(//((), /„(/), n ((), A/(t), /?(/). T,C7,„(f), C(Z), S,.(f))

of the model (2.1 a)-(2.11) is non-negativc for all values of t > 0.

Proof: From equation (2.1a), we have

whieh yields to

//(f) > //(0)exp(-

which gives
4(0 > //.(O)exp(-(tti + piA)0 > 0
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2.3.2 Positivity of the Solutions
Since the model (2.1 a)-(2.11) governs the population of cells and parasites within the human 
host and in-mosquito, then we need to show that solutions of the system (2. Ia)-(2.ll) with 
positive initial conditions remain positive for all t > 0. That is, we need to prove that all the 
state variables arc nonnegative. This is done by proving the following lemma.

Lemma 2.1
Let the initial conditions for the model (2.1 a)-(2.11) be

-'V,.(/) < max

G’/,(0 < max <

, ^h(t) < max

* • Af„,(/) < max <

fliS(z)dz + put) > 0 
o

since //(()) > 0, and from equation (2.1b), wc have

5,„(()), 
Pshi P.l

A',.(0), — > , */(/) < max / A/(0), 
P'2 J 
(1 — p)r262 A,.

Pah P>.
r-Ai [(I - p)r2li2 Ar'

I'al. P2.

y = P\ShH - a\Ih ~ PuJh > —(«i + 
at

~ = A,, - /AS*// - W.// > -(/AS* +/<*)// 
at

S' ‘•■'in

Pz

(II. 4, 7),. A/, /?, /r, 7’r, G'ft, G'„„ C. Sm, Sb) G IR1;2 : Nh(t) < max / ATh(O), —1, 
1 Pi J

Ar 11 
P '2 J ’ 

qpuj [(1 - p)l'2li2 Ar

Huh ll‘2.

s,.(o). 
Huh J )

A/,
Pi



A/(t) >A/(0)exp > 0, since A/(0) > 0

/?(/) >7?(0)exp > 0, since /?(0) > 0

>S/,(0)exp > 0, since S\(0) > 0

Let

be the MFE of the system (2.1 a)-(2.11), then in absence of infection.

Using equations (2. la) and (2. le), we obtain

Therefore the MFE is

E" =
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Afe
Hh

Th(t) >7/,(0)exp(-(d| + > 0. since 7* (0) > 0
i 

(i2R{z)dz - /imt
i

fi2-M(z)dz - Urt

since Z/,(0) > 0.
Using similar approach for the equations (2.1 c)-(2. II), we obtain the following expressions.

This completes the proof. Therefore the solution of the model (2.1 a)-(2.11) is non-negativc for 
all values of t > 0

2.3.3 Existence of Malaria Free Equilibrium (MFE)
Malaria-free equilibrium (MFE) is the state where there is no infection. MFE of the system 
(2. la)-(2. II) is obtained by setting right hand side of the model equations to zero and solving 
for variables provided that all infectious state variables assume the value of zero.

/,(/) >/r(0)exp(-(n2 + lhr)t) > 0, since Zr(0) > 0 

7',.(/) >7r(0)«xp(-(rf2 + > 0, since 7’r(0) > 0

G’/,(£) >Gfe(0)exp(-(qw -I- //,,<,)/) > 0, since G’/,(0) > 0 

G’„,(/) >G*w(0)exp(-(rr3 + //,,„,)() > 0, since G’„,(0) > 0

C(l) >C'(0)exp(-(d3 + //,.)/) > 0. since (7(0) > 0

•%„(/) >S„i(0)exp(-(az/ + /z.s„,)t) > 0. since S,„(0) > 0
t
fljl(z)dz - iishl

II"

— ,0,0,0, —,0,0,0,0,0,0,0,0
Hh Hr

and R° = —
Hr

= 7’» = M" = I" = T" = G°b = G"n = C° = 5°, = Sj = 0.

E" = (JI", 1%, Tfi, M°, R", I", T", C°,S"n,S")



Re-arranging the model (2. Ia)-(2.ll) so that the infection classes appeared first, we have

(2.31a)

(2.31b)M'h Pth 1 h i

(2.31c)

(2.3 Id)

(2.3 le)

(2.3 If)=(1 - p)r2rt2?r - qwGb - UnbGb,

(2.31g)

(2.31 h)

(2.31 i)

(2.3 Ij)

(2.31k)

(2.311)
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2.3.4 Basic Reproduction Number, 7£0
For in-host dynamics models, Guardiola and Vecchio (2(X)5) defined reproduction number as 
number of newly infected cells produced by a single infected cell during its infectious life­
time. In calculating the basic reproduction number for the model (2.1 a)-(2.11), we use the next 
generation matrix technique as described by Van den Dricssche and Watmough (2002).

The first ten equations (2.31a)-(2.31j) represents infection classes.
Let j.’, for i = 1... 10 be infection classes of variables for the model (2. la)-(2.11).
In this approach 7£() is obtained by taking the dorminat eigenvalue of

-i

where 7; be the rate of appearance of new infection in compartment i,
V* be the rate of transfer of individuals into compartment i by all other means, 
V~ be the rate of transfer of individuals out of compartment i by all other means and 
V, - - V,*.

— (lvSin

[F(^)UXi

— Pq^'Gb f^'',lG m //t/tiiG m.

=fi\ShII - "ilk ~ IhiJh- 
at

ATh f
~dT

=rirtV//i + pizM'r - faRM - P,nM, (It

=/i2RlM - a2I, - at
=a2/r - 6-,1'r - (It

AG,,
dt

AG„,
dt

=a3G„, - l',C,(It
AS,„
dt

=abv - faShll - UshSh, dt
=A(1 - HAH - mJi, 

dt
AR. . r,
—— =Ar — i^R^ ~ iirRi 
dt



So from equations (2.3 la)-(2.3 Ij) we have

0

(2.32)
0

0
0\ /

and
/ \

(2.33)V, =

\ /

which implies from (2.32), we have

Zo 0 0 0 /A —0 0 00 0

0 0 0 0 00 0 0 0
0 0 0 0 0 00 0 0

0 0 0 0 0 0 0

0 0 0 00 0 0 0 0 (2.34)
0 0 0 00 0 0 0 0 0

0 0 0 0 00 0 0 0
0 0 0 0 00 0 0 0

0 0 0 0 0 0 0 00 0
\0 0 0 0 0 0 0 0 00 /
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0

pr/w 
0

Ah\

P'h 
0

0

pq^(>b 

0

F=^l
OXj pn

V*3 ~ U3WW

4“

4“ /i.sh^h ahy

(f»i 4- Pi/J/ji

(4i + UthY-Th — <ij I), 
(IhR + - r}6iTh - pM27’,.

(z*2 — Pirj-A-
(da 4- /£/r)7’r - (i-zlr 

(qui 4- fi;lb)Gb - (1 - p)r >6/rr 

(03 4“ Pgni)Gtn

0

0 0 Ih— 
Hr
0



and from equation (2.33) we have

0»’i

1’2

1’6

1'7 (2.35)

1*3

t'lo

1’13/

where

i'-> = ~pr-2<h,‘W

•Cl

(2.36)1’13

Then we compute the inverse, V *, of V from (2.35), and we obtain

\
000 0 0 0 00

000 0 0 00

000 0 0

00 00 0

00 000 0 0
V"1 = (2.37)

0 0000 0

0 000 0

000 0 0 00

0 0 0 0 00

0 0 0 00 0
\
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0
0
0
0

0
0

()

0
0

0
0

0 
0 
0 
0 
0
0 
0

0
0
0
0
0
0
0
0

0
_1_
1’13/

0
0
0
0
0

0
0
0
0
()

()

0

1112 

0

<>)

0
0
0
0
0
0
0
0

1’3 

() 

0 
0 
0 
() 

() 

()

1’4 

0 
0 
0

-n.3 

0 
0

0
1

1’4 

0

-n-2
0

0
0
0
0

1'9 

0 
0 
0 

0
1’12 

0

I'M 

0 

0 
0 
0

0
1

•1'9

0

I’ll 

0

1'5

0

1
fl 
1*1

1’31*1

1'41'21’1

0

0
1

1’2
1’3

1’41’2

0

0
J_
1’10 
1'11

fl2'fl0

0

1’5

1'71’4

0
J_
1’7 
1’8

l’fjl’7

0

V --
(Jj-j pti

1’11 = - I'-Ai. V12 = (H' + flsm,

1’51*2 

l’71Jil’4 

1’6 
f*2 

U71’(> 
1*2<’8 

1’91’71’6 

0

0
1

1
■1’10
1’11

1’101’12

0

1'1 —1*1 + /l|7i, 1'2 ~ + I'lh- 1’3 =

1'6 —0-2 + Pir, 1'7 — ^2 + Pl

-1*1

0
0
0
0

0
()

0
\0

A,.
Pr 

v» = -(1 - p)r2d>- 1’9 = 1/w 4- /M- 1’10 = d*3 +
. A/, 

= Pi-------F I'sh 1
Ph



Hence, from (2.34) and (2.37). we have

\0

0

FV~' = (2.38)

0

where.

, A3 =

(2.39), /17 =

Hence, the basic reproduction number. 7v0 is given by

(2.40)

Substituting the values of i»4, u5, v6, and v7 from equation (2.36) into equation (2.40) we get

7£(j —

which can be expressed as

faro
pi'2^2 (2.41)—

in equation (2.41) is the proportion of RBCs that is infected by a meroziteThe term
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0
0 0

0
0

0
0

0
0
0
0
0
0

0
0
0

0
0

0
0

8

0
0

0
0
0
0
0
0
0 
0

0
0
0
0
0
0
0

A<>
0
0

/()

0
0

a2
0
0

1
. (^2 + Mfr).

/^Ar________ 02______ pr2d'2
4- ' (of2 + /zir) ’ (d'2 + Mtr)

Ac»

Ai

0 
0

A.3 
0 
0 
0

where r0 = — is value of uninfected RBCs at E°.
Fr 
fai'p

fal'o + P-rn

0 0 0 A\
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0

0 
.4 7 A; 
0 
0\°
fa ’.3 A,.:, A.| - 
1’4

----------- , As —

0

A4 Ar, Ac, 
0 
0 
0

/?2Art’5Q2A — /L-, — ------------
V7VGV^lr

We compute the eigenvalues of next generation matrix FVfrom IFV-1 IX\ = 0 at Eq. 
The basic reproduction number 'R.^ is obtained by taking the spectral radius (dorminant eigen­
value). //(EV"1).
From (2.38), the only nonzero eigenvalue is /15. Therefore the dominant eigenvalue is

A A/, A _ ^20,1’3A,. 
V13P/1’ 2 V4W2Ui/Zr

AM'd-V fal’-fa-
------------ , /l6 =   
V7V4fLr---------------- V7V4/Lr

fhArV-,(Y2
/V() — --------------------------

t’7l'6t'4/4r

/M,- A = /j2Ar»-,n2 
Uj/Zr’ ■’ VrUsl^Hr 

pqMVH pr/u;
-------- • A<) — -----  

r<)t/7---------------i’«j



introduced into entirely susceptilc RBC population before it dies, while the term

1 
represents the proportion of infected RBCs that progress to schizonts, the term - ----

2.4 Sensitivity Analysis of Tvo and Numerical Simulations

(2.42)
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Sensitivity analysis, also known as what-if analysis, is a technique used to determine how varia­
tions in input parameters affect the anticipated model outputs (Cariboni et al., 2007). The main 
reason for why we need sensitivity analysis is that, it helps the modeller to identify parameters 
that need the most numerical attention and highlight which parameters should be targeted in 
planning and developing management strategies (Lutambi et al., 2013).

mean period spent by the blood-schizont before they rupture, and the term pr-zH-z is number of 
released merozoites that proceeds to asexuals replication in each erythrocytic cycle.

In this study we computed the normalized sensitivity index of the basic reproduction num­
ber 7v(1 using method described by Chitnis, Hyman and Cushing (2008) and Cariboni et al. 
(2007) , where partial derivatives of '/?.(> with respect to each of its input parameter, p, were 
obtained using the formula

fV2

. ---- is the

=
Pi 

(/p, 7<()
Substituting values of parameters given in Table 3 in equation (2.42) we obtained the sensitivity 
indices of 7£tl which are presented in Table 4.



Table 3 : Parameter estimates for the model (2.1 a)-(2.11)

»i:

i'i. ■

ihi. ■

■

'/ ■

l‘r :

/'.r

/II,

I'm

r3 :
a, :

Table 4 : Sensitivity indices of 'R-u

Sensitivity index, Q''"Parameter, p,

1'2

l>

/•„,

/Or

‘*2
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'■<>

ri :

/>:

l‘tr

4-1.00000
4-0.99999
4-0.97959
+0.97959

0.97959
-0.61667
+0.61667
—0.14706
+0.14706

i.’:

/A :

/'•/A

/l*h •

Il­

li ■

\r :

Parameter Description
probability that a bite infects human 
number of mosquito bites per individual 
number of sporozoites injected per bite 
infection nite of HLCs by sporozoites 
number of merozoites per liver schizont 
progression rate of infected HLCs to schizonts 
rupture nite of liver schizonts 
the recniitmet rate of HLCs
natural death rate of uninfected HLCs 
death rate of infected HLCs 
death rate of liver-schizonts
infection nite of RBCs hy merozoites 
rupture nite of bhxxl schizonts
progression rate of infected RBCs to schizonts 
number of merozoites per bhxxl schizont 
probability that a bite is infectious Io mosquito 
number of gametocytes ingested per bite 
number of bites made hy mosquito in its lifetime 
the recniitmet rate of RBCs
natural death rate of uninfected RBCs 
total death nite of uninfected RBCs 
death rate of blood-schizonts 
death rate of memzoites

death rate of gametcx.*ytes in bloodstream 
rupture rate of Oocysts
number of sporozoites per Oocyst 
progresion rate of gametes to Oocysts 
death rate of gametes in mosquito’s midgut 
death rate of Oocysts
death rate of sporozoites in mosqouito 
death rate of sporozoites in human liver

'‘I ■

■’i :

A». :

/iq,,, ■

li. ■

I'n, : 

ft•• :

Reference
(Tumwiine et al., 2007 b)
Estimated
(Nelson and Williams. 2014) 
Estimated
(Tumwiine et al., 2014)
Estimated
Estimated
Estimated
Estimated
Estimated
Estimated
Estimated
Estimated
Estimated
(Dube er al.. 2010)
(Agusto era/.. 2012)
Estimated 
Estimated

1 (Li et a!., 2011)
(Dube er«/.. 2010)
(Diebner er al., 2(XX)) 
Estimated
(Li era/.. 2011)
Estimated
Estimated
(Nelson and Williams, 2014)
Estimated
Estimated
Estimated
Estimated
Estimated
Estimated

Value 
0.75 
Vxlay 1 
10-20 
0.001 /ilrtll 'day 1 
lO(KK) 
0.125 tian 1 
0.0975 day 1 
301M) iflhtday 1 pl 1 
0.94 day 1 
0.95 dm/ 1 
0.029 tlati 1 
2 x 10 11 itlr.i ll 'tlnii 
0.1 IF, day 1 
0.145 dm/ 1 

16 
0.09 
10 
3 
•1.15 x 101 rrlls/iK'day 
0.02 dm/ 1 
0.025 day 1 
0. 185 dm/ 1 
48 day 1 
6.25 x 10 -'day 1 
0.05 day 1 
1000 
0.07 day1 
0.052 day-' 
0.024 day~l 
40 day 1 
1.2 x lir" day 1 

proportion of asexual that differentiate to merozoites 0.926



69 7919 29 990

(b) Effect of /i,n, on T^o(a) Effect of fl-2, on 7vq
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39 49 59
Death rate olNerezates, a

Parameters with next highest sensitivity index are initial suspectiblc population of RBCs, r0, 
infection rate of RBCs by merozoites, /?2 and death rate of merozoites, /zm. All these have 
the same of sensitivity indices, but z-(l and fa are positive while is negative. That is, an 
increase (a decrease) of 10% on r0 or /)2 will results an increase (a decrease) of 9.7959% on 
7?.^, while with similar increase (decrease) on 7£() decreases (increases) by 9.7959%. These 
are followed by death rate of blood-schizonts. ///r and rupture rate of blood-schizonts to release 
merozoite, A2, with the same index in magnitude but different signs, implying that increasing ptr 
will cause a decrease on 7vo, though the increase in z)2 will cause an increase in 7v(). The death 
rate of infected RBCs, p.„. and progression rale of infected RBCs to schizonts a2 are parameters 
having the least impact on 77.n.

From Table 4, the number of merozoites released per rupturing schizont r2, is the most sensitive 
parameter of the model (Q*" — 1.00000), followed by proportion of released merozoites that 
proceed with asexual replication, p, with — +0.99999, indicating that these parameters 
have a greatest effect on model outcomes. For example, an increase of 10%. on r2, will also 
cause the same effect (increase) of 10%: on TZt} and vice versa.

T^u increases (decreases) as parameters with positives indices increases (decreases) and de­
creases (increases) as parameters with negative indices increases (decreases). In order for 
malaria infection to be eradicated, we need to reduce the value of 7v() to be less than unity. 
Therefore, we can lower the value of 7£0 by reducing the values of z-2, p. r«, /?2, d‘2 and n2 or 
by increasing the values of /z,„, ptr and //>,.. Fig. 4 illustrates the effect of variations of some 
parameters on reproduction numbers.

Figure 4: Effect of infection rate of RBCs by merozoites, tf2 and death rate of merozoites pm, on basic 
reproduction number, 'R(j
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(b) Effect of increasing /.i™ on infected RBCs
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To control the malaria infection in nonimmune host, we need to have a stable malaria free 
equilibrium, which is achieved when 7?.n < 1. Now. we have to find out which parameters 
can lead us to this condition. Using information in the Table 4 and 7?.(1 in equation (2.41), 
we can infer the following: lessening the number of merozoites released, r2, and infection 
rate of merozoites on RBCs, fa or raising the death rate of merozoites, /£„, will lessen Tvo- 
This conforms with the findings of Dube et al. (2010). A reduction of infection rate and rise in 
death rate of merozoites certainly reduce the number of succesful conctacts between merozoites 
and uninfected RBCs and hence reduces number of infected RBCs and increases number of 
uninfected RBCs, as indicated in Fig. 5 and Fig. 6.
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(a) Effect of increasing p,„ on uninfected RBCs
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(b) Effect of decreasing fa on infected RBCs
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(a) Effect of decreasing fa on uninfected RBCs
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Figure 5: Effect of decreasing infection rate of merozoites on number of uninfected RBCs and infected 
RBCs. Arrows arc in direction of decreasing fa

Figure 6: Effect of increasing death rate of merozoites on densities of uninfected RBCs and infected 
RBCs. Arrows arc in direction of increasing p.,n
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Also, reducing the initial population of RBCs, r0, reduces 7£o. This can either be done by 
reducing recruitment rate, Ar or increasing the death rate //,. of uninfected RBCs. However, this 
is may be biologically impractical because it may cause catastrophic anemia (McQueen and 
McKenzie, 2004). This is indicated in Fig. 7, where Fig. 7a indicates that the decrease in z-o 
reduces number of merozoites in bloodstream but also number of uninfected RBCs decreases 
as indicated in Fig. 7b.

Moreover, the same goal of reducing 72o can be achieved by a decrease in proportion of mero­
zoites that proceeds with asexual replication, rupture rate of blood-schizonts, progression rate 
of infected RBCs to schizonts, and an increase in death rates of blood-schizonts and infected 
RBCs. Decreasing the proportion p, asexuals that differentiate to merozoites, despite its effect 
on decreasing number merozoites (see Fig. 8b) is still impractical because by doing so the 
number of gametocytes will increase as shown in Fig. 8a. Consequently, it will increase the 
probability of human-mosquito infection and persistence of disease.

With all other parameter values given in Table 3 are kept constant, we examine the effect of in­
fection rate of RBCs by merozoites on the dynamics of malaria transmission using the following 
values of the infection rate: 0.000010, 0.000005, 0.000003, 0.000002. Their corresponding 
values of the reproduction number were 2.17, 1.66, 1.15, 0.81 respectively. These results arc 
illustrated in Fig. 5, which confinn that, decreasing infection rate has the effect of reducing 7£o 
(number of newly infected RBCs) and then reduce the infection of malaria parasites to RBCs.
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(a) Effect of decreasing fq on merozoites
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(b) Effect of decreasing r() on uninfected RBCs
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Figure 7: Effect of decreasing r() on densities of uninfected merozoites and uninfected RBCs. Arrows 
are in direction of decreasing z-o. Values of vq arc calculated using a fixed value of Ar = 41500, 
and different values of = 0.02, 0.05, 0.08 and 0.10



T T T TT

2

!5

1

IS

33

I 
71

I 
2)

I 
n

i 
si

i 
a

Therefore, any biological means that will enhance the decrease of infection rate of RBCs by 
merozoites and number of merozoites per rupturing schizonts and/or increase the death rates of 
schizonts and merozoites will be of great importance on eradiction or control of malaria. These 
mechanism could be medication or vaccination to boost the immunity system.

In analysis of the model, we included the determination of invariant region and positivity of 
the solutions which found to be mathematically and biologically well-posed. Malaria-free equi­
librium (MFE) for the model was obtained. The threshold, 77.0, was obtained and found to a 
function that depends only on parameters in erythrocytic phase. This implies that the erythro­
cytic invasion may propagate without new infection from the liver (implying that even when

(b) Effect of p on merozoites

However, the impact of progression rate of infected RBCs to schizonts and death rate of infected 
RBCs is insignificant compared to others, because a change of 10% on these parameters will 
cause a change of about 1.1% on 7S(I, while same change on the remaining paramenters will 
cause a change of at least 6.17%> on

A mathematical model for in-human host and in-mosquito dynamics of malaria parasites was 
developed and analyzed. The model involved three main phases in life cycle of malaria para­
sites. We considered four, five and three compartments in the liver, blood and mosquito stages 
respectively.

i 
4!

(a) Effect of p on gametocytes
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Figure 8: Effect of reducing p on merozoites and gametocytes. Arrows arc in direction of decreasing p.
Values of p used are p = 0.9, 0.7, 0.5, 0.3, 0.
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an individual is not bitten by the mosquitoes, s/he may maintain some level of malaria in the 

blood).

To complement the analytical solutions obtained on sensitivity indices, we carried some nu­

merical simulations. The effects of varying the sensitive parameters on the basic reproduction 

number were examined, to determine their implications in the control of malaria infection (see 

Fig. 4. Fig. 5 and Fig. 8). The infection rate of RBCs by merozoites, death rate of mcrozoites. 

number of mcrozoites released are found be vital parameters in control of malaria infection. 

Despite having lower sensitivity index compared to death rate of merozoites, death rate of sch­

izonts have greater impact on malaria control than that of merozoites. This is because each 

matured schizont bursts and releases an average of 8-32 merozoites (Tumwiine el al., 2008). In 

addition to that, increasing the death rate of schizonts will automatically reduce the number of 

contact between RBCs and merozoites, hence reduces the number of infected RBCs. Therefore, 

the planned intervetions should aim at increasing the death of schizonts (liver or blood stage) to 

lower the total number of mcrozoites.

At this time where malaria eradication is on world agenda, this work may be used as starting 

point to examine how and which are new control strategies of malaria can be established to 

overcome the disease. Conditions for existence and stability of equilibria are discussed in the 

Chapter 3.



CHAPTER THREE

3.1 Introduction

x = /(x, t)

if
/(x‘,t) = 0, V/>0.
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Abstract
Stability analysis of a dynamical system is a basic requirement for its application in real-life 
settings. However, investigation of local stability is simpler than that for global stability, though 
the latter is more preferable. In this chapter, we perform a stability analysis of a mathemati­
cal model for in-human host and in-mosquito dynamics of malaria parasites and establish the 
existence of two types of equilibrium: malaria-free equilibrium (MFE) and malaria infection 
equilibrium (MIE). Using linearization of the system, MEE is proved to be locally asymptot­
ically stable. By Metzler matrix theory, the MFE is reported to be globally asymptotically 
stable provided 'R-n < 1. By applying the Lyapunov functional method and LaSalle’s invari­
ance theory, we established that MIE is globally asymptotically stable, if 7£f) > 1- Numerical 
simulations are presented to confirm (he analytical solutions.

Mathematical models play an important role in undcstanding the dynamics of infectious dis­
eases and suggest control strategies. In the study of dynamical systems such as epidemiological 
models, the main focus is not on finding detailed solutions, but to investigate some characteris­
tics of the system such as existence and stability of equilibrium points (Lungu et al., 2007). A 
vector x' is an equilibrium point of a dynamical system

An equilibrium x‘ is said to be stable if an arbitrary point x0 of the system that starts near 
x = x* remains near it, and unstable if x0 moves away from x‘. An equilibrium is said to be 
locally stable if for all initial values, x(); that are in a neighborhood JV(x*) of x‘, solution of 
the system remain near x’ for all values of t. The x’ is said to be globally stable, if it is stable 
for all initial values x0 G IR".

2This chapter is based on the research paper: Mohamed A. Selemani, Livingstone S. Luboobi, Yaw Nkansah- 
Gyckye. (2016). On Stability of the in-human host and in-mosquito Dynamics of Malaria Parasite. Asian Journal 
of Mathematics and Applications, article ID ama353, 23 pages

On Stability of the in-human host and in-mosquito Dynamics of Malaria Parasite2
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A number of techniques have been proposed in investigation of stability of equilibrium points of 
epidemiological models (Mpeshe el al., 2014b). Linearization (Mpeshe el al., 2014b; Li el al.. 
2011; Tumwiine el al.. 2007a) is used for proving local stability, and Metzler matrix theory is 
used for global stability of disease free equilibrium (Mpeshe el al., 2014b; Wang and Liao, 2012; 
Dumont et al.. 2008; Kamgang and Sallet, 2008). Lyapunov fuctions have been useful tools to 
study of the global stability of endemic equilibrium (Kajiwara et al.. 2015; Korobeinikov and 
Maini, 2004). Morever, some models are complex such that existence and stability of equilibria 
cannot be investigated explicitly. Instead numerical simulations have been used to facilitate the 
purpose (Chiyaka et al.. 2008; Zhang el al.. 2014).

In this chapter, we investigated the existence and stability of equilibrium points of mathemat­
ical model for the in-human host and in-mosquito dynamics of malaria parasites developed 
in Chapter 2. We applied linearization technique to establish the local stability of MFE. We 
used Metzler theory to establish global stability of MFE. Global stability of MIE is established 
using Lyapunov function in combination with LaSalle's invariance principle. Moreover, we 
performed numerical simulations to prove the existence and stability of MIE.

In the model formulated in Chapter 2, the in-human host and in-mosquito dynamics of malaria 
parasite are decribed based on interactions between twelve compartments: sporozoites injected 
into human, S/,; uninfected hepatic liver cells (uHLCs), II; infected hepatic liver cells (uHLCs), 
Ih; hepatic schizont, 7),; Mcrozoites, M; uninfected red blood cells (uRBCs), R; infected red 
blood cells (iRBCs), I,.; erythrocytic schizonts, Tr; gametocytes, Gi>; oocysts, C; sporozoites 
in mosquito salivary gland, S,n. The detailed biological descriptions of parameters and their 
estimates are as presented in Table 3 (Chapter 2).

Moreover, x’ is asymptotically stable if it is stable and for an arbitrary initial value x0, the 
solution of the system converges to x" as time tends to infinity. It is locally asymptotically 
stable if it is locally stable and all solutions that start in neighborhood of x* converge to x* as 
t —> oo. rhe x* is globally asymptotically stable, if it is globally stable and for all initial values 
x<) E iR", the solution of the system tends to x* as / —> oo. Investigation of local stability is 
simpler than that of global stability, though the latter is more preferable (Cull, 1981). Stability 
of system is basic requirement for its applicability in real-life settings, since stability justify the 
convergence of solutions of system towards a particular equilibrium point of the system (Chen, 
2004). This tells us how the system behaves if a solution started relatively near, but not exactly 
at equilibrium point.

3.2 Model Formulation
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The stability of this equilibrium is discussed in next subsection.
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-3 — + Pth,-2 = <*i + Pih,

mti

(3.1)

The MFE is locally asympotically stable if and only if trace of is strictly negative and
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3.3.1 Local and Global Stability of MFE
In absence of infection, we obtain one equilibrium termed as malaria free equilibrium (MFE).
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3.3 Stability Analysis of the Model

In this section, we discuss conditions for existence and stability of cquilibra of the model (2.1a)- 
(2.11). Conditions for their existence and asymptotic stability arc established. Two nonnegati- 
tive equilibria are obtained: malaria free equilibrium (MFE) and malaria infection equilibrium 
(MIE).
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We establish the local stability of E" by investigating the signs of the real parts of the eigenval­
ues of the Jacobian matrix of the system at Z?(). Jacobian matrix of system (2. la)-(2.11) at is 
given by

□ Ah 
21 =P1---- ■

Ph

26 =«2 + pir,



detcrminat of ./(Eq) is strictly positive. We obtain the following results.

tract (J(E")) =

(3.2)

and
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From (3.3) wc deduce the following:
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PZ’2^2
_32A,- + ll-mflr, L(n2 + /tir)J .(^2 + I'lr).

as expressed in Equation 2.41 in Chapter 2.
Equation (3.4) holds only if “Ro < 1 i and because of this requirement 'Ro is interpreted as the 
basic reproduction number as computed in Chapter. This leads us to the following theorem.
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Theorem 3.1
The malaria-free equilibrium. E° is locally asymptotically stable when 7v() < 1 and unstable 
otherwise.

We establish the global stability of Ea using the Metzler matrix theory technique used in 
Castillo-Chavez et al. (2002); Kamgang and Sallct (2008); Mpcshe et al. (2014b). In this ap­
proach. we re-write the model system in the form:
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where A',, is the vector of uninfected classes and A",, is the vector of infected classes. For our 
case, we have
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with A and D squareLet 3 / be a square block decomposed Metzler matrix: M =

\/ 0-JL’i

For this case we have M = /I2, and ?1 =
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It can easily be seen from (3.7) that, all eigenvalues of 4) are real and negative.
So. the system

Proposition 1. (Kamgang and Sallel, 2008: Dumont et al.. 2008) 
( A
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matrices. Then M is Metzler stable if and only if matrices /I and D — CA~l B are Metzler 
stable.
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is globally asymptotically stable at X/.;<>. From (3.9) and (3.10) it can be observed that all off 
diagonal elements of .42 are non-negativc. Therefore, /I2 is a Metzler matrix. To investigate 
the conditions under which MFE is the global asymptotically stability (GAS), we have to show 
that /lo is Metzler stable matrix (all its diagonal elements are negative) by proving the following 
proposition.
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(3.11)> 0

(3.12)

(3.13)
m

equivalently. 7v() < 1. This leads us to the following theorem.

3.3.2

E* = (ir,rhtT^M“,R\rrtT;,Gl,G*m,C‘,S'm,St)

Tn =I'h =

R" =
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By that definition. .4 is Metzler stable matrix, and D - C/1 113 is Metzler stable matrix if and 
only if

0
0

Theorem 3.2
The malaria-free equilibrium of the model system (2. la)-(2.11) is globally assymptotically sta­
ble in Q if 7£0 < 1 and unstable if 7Z.O > 1.
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It is observed that equation (3.11) holds only when
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Definition:
A Metzler matrix i\I is said to be stable if all of its diagonal elements are negative.
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Using it'4, and as given in equation (3.10), we get

Existence of Malaria Infection Equilibrium (MIE)
The model has one positive malaria infection equilibrium Er which is given by

immediately we have
-u.’n

_ 7^0(/32Ar 4- prpm)M* 
r 4- pr)
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Sb and Al* are positive solutions of F(SJi) = 0 and G'(jW) = 0 respectively, where

A(.S7.) =

/?• = (irj^ri;,xi\n\r;./r^G;>,G'lll,cr,s;n,s;l)

Psh^h — 0abv —

which yields
(3.14)

(3.15)

where
Ai = (/?i(Ah - abv) 4- pshPh)2 4- A^abvp^ph (3.16)
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Now we need to determine necessary and sufficient conditions for existence of malaria­
infection equilibrium E’ by proving the following theorem

Theorem 3.3
The model system (2.1 a)-(2.11) has a unique malaria infection equilibrium

_ (l

'•/»«.[/Ki + P

™h
$h + /'/<

.O3 4" Prim.

/^PshSh2 4- [A (Afc - abv) + ps/jz/J - abviih = 0

Since Ai < 0 and /13 > 0, then the quadratic equation (3.14) has unique positive root given 
by

S’*

if 72.0 >1, A/, > abv, A^Sf2 + A2S;* 4- A = 0 and B^AI'2 4- B>AI" 4- Bi = 0 have roots 
Sb > (1 and M* > 0 respectively.

(1 - p)72n (32Ar 4- iirlim)M‘’
4- pah) (faM* 4- pr)

7')7?-o (/LAr 4“ /Zr/Gi»)Af 
p(</W 4-//,;/,) (..ij;!/* 4- pr)

F(S;,) = A-iS;2 4- A-iS‘h 4- 711. G{AE) = BAM‘2 4- B2AF 4- B} and

Aj = fi\psh, -A = A (A/, - abv) 4- PshPin A = -abvph,
B-i — fap,,,, B-> — — [(/?2Ar 4- /z„,/zr)(T^o -1)4- /72z\‘] , B\ — —prA~ and

Proof:
Let E‘ = {IP, I^T^, AI\ B*, I*,T*,G'b,Gj„,C',S^n, S)t) be malaria infection equilibrium of 
the system (2.1 a)-(2.11). Substituting the expression for H* into equation (2.11), we have
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4- ph
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~ = ~ [fli(A/t - abv) 4- PshPh] + \/Si 
h 2/hpsh



Substituting expressions for 7)*, 7’r‘ and 7?' into equation (??) gives

4-

Letting 0 = equation (3.17) becomes

(3.18)4-

which can be further simplified to

(3.19)

where
A’ =

2 (3.20)xr =
where

A2 = ('R.n - l)2(/?2Ar

.Sy, —
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3.3.3 Global Stability of MIE
By theorem 3.1, MEE is locally asymptotically stable when 7£0 < 1. This suggests local stabil­
ity of the MIE for the reverse condition (i.e. when 7£o > 1) (Van den Driessche and Watmough, 
2002). So we only investigate the global stability of the malaria infection equilibrium. We 
adopted the techiniques used by Pedro et al. (2014).

IhnXr = 0
(3.17)

only if /!•_> > 0.
Hence. .42 = fa (A,, - abv) + > 0 only if A/, > abv (recruitment rate of uninfected HLCs
is greater than recruitment of sporozoites into human liver).

[(/^2Ar + ^„tPr)(7^Q - 1) + /3gA*] + 
2fafLrn^X*

+ lt,„/Lr)Xr
(/?2A/* 4-//r)

_____________ ______________________________
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(A'i +M//,)(ni + /th +dh)

,72ArA/‘
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Equation (3.19) has a unique positive real root A/’ given by

™h
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ml'r)2 + 2/32A* [faAr + /4m//r(^0 — 1)] + /^2A’2 + 4/?2/Zm//rA"

- [ZA (An - abv) + ii^/ih] + \/A] anrf A/. =

then system (2.1 a)-(2.11) has malaria infection equilibrium E*.

4" flinllr) faAr lhn(.faM 4" //•>•)] A/ _
WW' + Hr)

only if 7v() > 1. This is condition for the existence of malaria infection equilibrium.
Therefore, if 7£() > 1, A/, > abv and quadratic equations A3S;2 4- /12S^ 4- /li =0 and 
B;JA/'2 4- I32XI’ + 13\ = 0 have respectively positive roots S)’ and XI', with

fa/huXI*2 — [(/72A,. + /Z,n/Zr)(7?.() -1)4- /72A’] A/' ~ /Z,-A* — 0



1. the model described by equations (2.la)-(2.11) has unique positive MIE, E‘, such

Then, E" is globally asymptotic stable in Q c Q.

,i:‘ In —). for i = 1, 2,... 12 
•I9*

Now, we constructed the following lyapunov function

L =z\

+z~

(3.21)+ ~io

Differentiating equation (3.21) with respect to time, we get

11

+ Zr.

+ Z10
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Proof: To cstabilish the global stability of MIE, E'. we define the Lyapunov function of the 
form

\ dlh 
) dt 

dlr 
dt 
dC 
dt

Theorem 3.4
it Ru
that

\ dM_
) dt

dGb
dt

dSh
dt
(3.22)

S,,H
R'M'
RM
R’M'

RM

L(x) = Y" zdxi x* In —), for z = 1, 2.... 12 
z—* x*

as proposed by Castillo-Chavez el al. (2002) where x, is a number of cells in the ith class, x- are 
equilibrium values and z, are constants. This approach has been found useful for more complex 
compartmental models of in vivo dynamics (Korobeinikov, 2004).
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and using (2.1 a)-(2.11) in (3.22), wc get
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At malaria-infection equilibrium, we have
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3.4 Numerical simulations
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In this section, we perform some numerical simulations of the model (2. la)-(2.11), to illustrate 
the dynamics of the model using MATLAB symbolic package run in intel (R) Pentium (R) CPU
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It is observed from Fig. 9a that population density for sporozoites, uninfected HLCs, and in­
fected HLCs vary with time and attain constant values (malaria infection point). However, 
sporozoites injected into human start by falling within very short time before they begin to rise. 
This fall is probably due the fact that when sporozoites injected into the human, they migrate to 
the liver through bloodstream where they ingested by phagocytes (Smyth and Wakelin. 1994) 
or they probably die due to change of environment from mosquito’s salivary gland to human 
bloodstream. Then its population increases after they succefully reach the liver and start the 
asexual replication (exo-erythrocytic schizogony) within HLCs. In contrast to the population of 
sporozoites, population of uninfected HLCs decreases with time until it reaches its equilibrium 
value. This population decreases because of infection of HLCs by sporozoites, which on other 
hand cause rise in population of infected HLCs and liver schizonts.

B980 2.40GHz. 2.40GHz, 4.00GB machine. The initial values used in simulation of this model 
arc largely assummed to allow computer executions, and their values are listed in Tabic 5.

Although the decision on values of parameters for the in vivo dynamincs is challenging 
(Chiyaka et al.. 2008), the numerical values of parameters used in the numerical simulation 
of this model are presented in Table 3. These values are cither estimated or taken from various 
articles among existing literature. The reason why some parameters values have been estimated 
is that modelling of liver and mosquito stages of malaria parasite have not been done or the 
parameter values found in existing literature are not suitable in our model. Even those that have 
been taken from other related studies may not be as accurate as we need for our mathematical 
forecasts. However, the main issue here is the effect of these parameters on the basic repro­
duction number, which gives clues on how to eradicate or control the disease (Chiyaka et al., 
2008).
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Figure 9: Time variation of variables at liver, blood and mosquito stages of malaria parasite
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Similarly, the density of infected RBCs increases before it starts to decrease with time to con­
stant value. They increase due to infection of RBCs by merozoites, while their decrease is 
probably caused by clearance done by immune system. Density of blood-schizonts seems to 
behave in a similar manner as infected RBCs do, by rising before starting to drop and stabilize 
at a constant value. Its rise is caused by the increase in infected RBCs which eventually progress
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Fig. 9b indicates the behavior of model sub system for variables at blood stage as the time in­
crease. In this graph, it has been observed that as time increases, populations of merozoites. un­
infected RBCs, infected RBCs, schizonts and gametocytes attain certain constant values which 

values of malaria infection point. It is observed that the density of uninfected RBCs in­
creases initially before starts to decrease with time until it reaches that constant value. This 
increase of RBCs density is caused by its rapid recruitment which is catalyzed by the released 
merozoites into blood stream (Wickramasinghe and Abdalla, 2000), and they decrease after 
being infected by merozoites.
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to schizonts. While the densities of merozoites and gamotocytes increase with time until they 

reach their maximum constant values.

Fig. 9c shows that the density of gametes rises to its maximum value before falling to its 

equilibrium value, while those of oocysts and in-mosquito sporozoites increase with time until 

they attain constant values (values at malaria infection equilibrium). The decrease of gametes 

may be it is due to the formation of ookinetes. Therefore from the Fig. 9, we conclude that the 

malaria-infection equilibrium. E‘ for this model exists. Now let us assess for stability of E*.
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Using the parameter values given in Table 3, we obtained Tvo = 1.590 25 > 1. Thus, by 

Theorem 3.4 implies that the malaria infection equilibrium E' is globally asymptotically stable 

as depicted in Fig. 10, Fig. 11 and Fig. 12. It has observed from these figures, that with 

different initial values, solutions trajectories for all state variables converge to malaria infection 

equilibrium.
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Figure 10: Numerical Simulations to show a global asymptotic stability of MIE for cxo-crythroeytie 
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Figure 11: Numerical Simulations to show global asymptotic stability of MIE for erythrocytic variables
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An insight of dynamics of malaria parasites within human host and within mosquito is signifi-
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Stability analysis of the model developed in Chapter 2 was done, where two steady states, 
malaria-free equilibrium (MFE) and malaria-infection equilibrium (MIE) were determined. Sta­
bility (in terms of reproduction number of equilibrium points was established.

The necessary conditions for stability of MFE are established using trace-determinant of jaco- 
bian matrix of the model evaluated at this point showed that, MFE is locally asymptotically 
stable provided 'IZQ < 1 and unstable otherwise. The global stability of MFE was investigated 
using Metzler matrix technique, and shown that MFE is globally asymptotically stable when 
7?-o < 1. MIE exists only if the recruitnent rate of sporozoites into human host less than recruit­
ment of hepatocytes liver cells (HLCs) and 72o > 1. Global stability of this was investigated 
using Lyaponuv function.
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3.5 Discussions and Conclusion
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cant in development and assessment of transmission blocking interventions (TBls). Merozoitcs 

play an important role in propagation of malaria infection in human, and they initially produced 

in the HLCs after invasion of sporozoites. This may suggest that blocking this invasion to be one 

of the best targets for TBIs as it will significantly inhibits the infection of HLCs, and eventually 

the production of merozoites from the liver schizonts. Therefore, it reduces the possibility for 

infection of RBCs by mcrozites from the liver.

This work provides a basic model for studying the in-human host and in-mosquito vector dy­

namics of malaria parasite, that will set a benchmark for other studies. In the next chapter, the 

extension of this model to incorporate the effect of immune responses is presented.

However, as it has been stated earlier (in Chapter 2) that infection of RBCs by merozoites may 

propagate w ithout a new infection from the liver, but this would occur only when initial invasion 

of RBCs by merozoites from the liver was successful. Therefore, implementing the TBIs at liver 

stage will probably reduce possibility of having erythrocyte invasion of merozoites and finally 

the human-mosquito transmission may be stopped.
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4.1 Introduction
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In human, malaria infection is initiated by a bite from a parasite-carrying mosquito which seeks 
for blood to facilitate egg development, where sporozoites are injected into the bloodstream 
through the dermis. Sporozoites quickly migrate to the liver and penetrate hepatic liver cells 
(HLCs) where they develop to schizonts that give rise to thousands of mcrozoites (Corradin and 
Levitskaya, 2014). Then merozoites enter the bloodstream and invade red blood cells (RBCs), 
that develop into erythrocytic schizonts which finally burst and release an average of 16 mero­
zoites (Tumwiine et al., 2008) which either re-invade new RBCs or switch to sexual form termed 
gametocytes. Human-mosquito infection of malaria begins through ingestion of gametocytes 
into parasite-free mosquito during its blood-meal. Ingested gametocytes (microgametes and 
macrogametes) then fuse and develop into oocysts through ookinetes stage. Then each oocyst 
ruptures and releases an average of 1000 sporozoites (Nelson and Williams, 2014) that are re­
sponsible for infection of a new susceptible human host.

■’This chapter is based on the research paper: Mohamed A. Selemani, Livingstone S. Luboobi, Yaw Nkansah- 
Gyekyc. The in-Human Host and in-Mosquito Dynamics of Malaria Parasites With Immune Responses. New 
Trends in Mathematical Sciences (2017b), 5(3): 182-207.

Mathematical Model for the in-human host and in-mosquito Dynamics of Malaria 
Parasite and Effect of Immune Responses 3

Abstract
In this chapter, a mathematical model for the in-human host and in-mosquito dynamics of 
malaria parasite with immune responses was formulated and analyzed. A positive invariant 
region of the model was established, and a basic reproduction number 7?.m, of the model was 
computed. Existence and stability of two non-negative equilibrium points: malaria free equi­
librium (MFE) and malaria infection equilibrium (MIE) were established. We, also proved that 
MFE is locally asymptotically stable if 7?.()| < 1 and globally asymptotically stable (GAS) if 
7?i)i < 1. Numerical simulations prove that MIE exists and is GAS. Moreover, our results 
revealed that immunity has significant influence on lowering malaria infection at blood and 
mosquito stages. However, an insignificant effect of immunity on both cells and parasites al 
liver stage infection was observed. Furthermore, the model depicts that infection decreases as 
lifespan of immune cells increases. The impact of immune cells in suppressing the production 
of merozoites is noted to be higher than that of antibodies to block invasion of sporozoites and 
merozoites.
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In human, malaria infection is initiated by a bite from a parasite-carrying mosquito which seeks 
for blood to facilitate egg development, where sporozoites arc injected into bloodstream through 
the dermis. Sporozoites quickly migrate to the liver and penetrate hepatic liver cells (HLCs) 
where they develop to schizonts that give rise to thousands of merozoites (Corradin and Levit­
skaya. 2014). Then merozoites enter the bloodstream and invade red blood cells (RBCs), that 
develop into erythrocytic schizonts which finally burst and release an average of 16 merozoites 
(Tumwiine et al., 2(X)8) which either re-invade new RBCs or switch to sexual form termed 
gametocytes. Human-mosquito infection of malaria begins through ingestion of gametocytes 
into parasite-free mosquito during its blood-meal. Ingested gametocytes (microgametes and 
macrogametes) then fuse and develop into oocysts through ookinetes stage. Then each oocyst 
ruptures and releases an average of 1000 sporozoites (Nelson and Williams, 2014) that are re­
sponsible for infection of a new suspectible human host.

A major role of the human immune system is to defend a body against the infection-causing or­
ganisms, called pathogens like bacteria, virus, fungi and parasites. Human immune system has 
two main components termed as: innate (non-specific) immunity and adaptive (specific) immu­
nity. Innate immune responses defend the body against any pathogenic invasion, while adaptive 
immune responses provide protection against a specific pathogen, and usually comes into action 
after the infections outrun the innate immunity. Innate immune responses include macrophages, 
interferon and natural killer (NK) cells, while T-lymphocyte (cytotoxic T and helper T) and 
B-lymphocyte (B-cells) are some elements of adaptive immune responses. Cellular-mediated 
responses involves cell effectors such as cytotoxic T (CD8+ T) and NK cells to kill intracellular 
pathogens while humoral responses involve effector molecules such as antibodies (secreted by 
B-cells) to clear free pathogens in body's fluid such as blood.

In malaria infection, both innate and adaptive immune responses are stimulated (Li et al., 2011; 
Langhorne et al., 2008) to obstruct parasites by either preventing the re-invasion of parasite 
or increasing the death rate of infected cells (Good, 2001; Stevenson and Riley, 2004; Li 
et al., 2011), and both humoral and cell-mediated immune effector mechanisms are involved 
in immunology of malaria (Langhorne et al., 2008; Kinyanjui, 2012). Antibodies neutralize 
the sporozoites and merozoites and inhibit sporozoites’ invasion to HLCs (Kinyanjui, 2012; 
Langhorne et al., 2008) and merozoites’ invasion to RBCs (Tumwiine et al., 2008; Kinyanjui, 
2012). They are also restrain the parasite growth (Chiyaka et al., 2008; Kinyanjui, 2012; Dent 
et al., 2008). Macrophages are activated by NK cells to intensify phagocytosis and clearance of 
intra-erythrocytic parasites (Artavanis-Tsakonas et al., 2003). The IFN-7 produced by CD8+ 
T cells (in help of CD4 ‘ ) inhibit growth of, and kill intrahepatic parasites (Kinyanjui, 2012; 
Artavanis-Tsakonas et al., 2003; Langhorne et al., 2008). Moreover, antibodies and comple­
ment system that are ingested by mosquito during blood meal mediate the lysis of gametocytes



and inhibit development of parasite in the mosquito (l^inghorne et al., 2008).
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In recent years, there has been increasing interest in mathematical models of in vivo dynamics 
(especially intra-host) of malaria with immune responses (Li et al., 2011; Tumwiine ct al., 2008; 
Chiyaka et al., 2008) and references therein. Some of these studies ignored the absorption effect 
of merozoites into RBC (Li et al., 2011). However, some authors incorporate this effect since 
during malaria infection parasite penetrates into healthy cells. Therefore, in this case both pop­
ulations (parasites and uninfected cells) decrease (Anderson ct al., 1989; Tumwiine et al., 2008; 
Chiyaka et al.. 2008). Moreover, the clearance of free parasites or infected cells by immune re­
sponses has been modelled either as simple mass-action (Tumwiine et al., 2008; Chiyaka et al., 
2008) which is unbounded function or using the Michaelis-Mcnten-Monod function (MMMF) 
which is nonlinear-bounded (Li et al.. 2011). Furthermore, Chiyaka et al. (2008) incorporate 
the effects of antibodies to inhibit parasite’s growth or block invasion of host's cells by parasites 
using MMMF

However, none of these studies discussed the liver stage dynamics of malaria parasites. As 
it has been stated in the previous paragraph, some studies did not incorporate the absorption 
effect of parasites into uninfected cells. Moreover, some of these models ignored either the 
saturation effect on cell proliferation and/or suppression of parasites replication. In this chapter, 
we formulate a mathematical model for the in-human host and in-mosquito dynamics of malaria 
parasite with immune responses, where the MMMF is used to describe the effect of immune 
responses on clearance of both, infected cells and free parasites. The effect of antibodies on 
suppressing the replication of parasites at liver and blood stages of malaria infection is included. 
Lastly, we incorporate the effect of antibodies picked-up by mosquito in mediating the lysis of 
gametocytes and preventing parasites development in the mosquito.

4.2.1 Model Description
In development of this model, we extend the model presented by Selcmani et al. (2016) which 
has been discussed in Chapters 1 and 2. by incorporating the effect of immune system. The dy­
namics of interactions of malaria parasites in-mosquito vector and in-human host with immune 
responses are described using a system of nonlinear ordinary differential equations. Variables 
involved in this model are: the uninfected hepatic liver cells (uHLCs), II'. infected hepatic liver 
cells (iHLCs), A; hepatic schizonts, 7\; merozoites, A/; uninfected red blood cells (uRBCs), 
/?; infected red blood cells (iRBCs), erythrocytic schizonts, 7’r; gametocytes, Gb', gametes, 
G,„; and oocysts, C. Others are sporozoites in mosquito’s salivary gland, Sm\ sporozoites in 
human, .Sk; immune cells against liver stage and blood stage infections, Z\ and Z2 respectively;

4.2 Model Formulation



and antibodies. B.

57

The erythrocytic schizonts die at rate ptrTr and rupture at rate d’27r and release new r2 mero- 
zoites which starts a series of repetitive cycles to infect other uRBCs. Proportion p, of these

The iHLCs increase at a rate /A5’/,ZZ(1 + k\B) due to infection of uHLCs by sporozoites and 
die at a rate iinJh- Some of them progress to schizonts at a rate (\\Ih- They also killed by 
immune cells (IFN-7, CD8+. NK) at a rate a^Zi Z/,/(l + where 0^ is rate of successful 
removal of iHLCs by immune cells and 1/tt,/, is a half saturation constant of Z/,. The hepatic 
schizonts die naturally at a rate /ithTh or rupture to release an average of /•] mcrozoites per 
rupturing schizont at a rate and cleared by immune cells (IFN-7, CDS’", NK) at a rate 
athZ\'l'h/{\. 4- where ath is rate of successful removal of hepatic schizonts by immune 
cells and l/7rt/, is a half saturation constant of hepatic schizonts.

The uRBCs are constantly recruited at a rate Ar from the bone marrow. Their density is reduced 
by natural death at a rate //,/? and due to the infection by merozoites at a rate i32RM/(1 + k2B). 
The iRBCs increases at a rate faRM/Q. 4- k2B) and decreases due to death at a rate pirIr and 
due to progression to erythrocytic schizonts at a rate n2Tr. The immune cells (macrophages 
activated by IFN-7) phagocytize the iRBCs at a rate airZ2Ir/(l 4- 7rirZr), where air is rate of 
successful removal of iRBCs by immune cells and \/-nir is a half saturation constant of iRBCs.

Sporozoites. Sh are injected into uninfected human host at a constant rate abv, during a blood 
meal of infected mosquito, where a is probability that a mosquito bite is infective to human, b is 
number of mosquito bites per individual, and v is number of sporozoites injected per bite. Once 
the sporozoites reach the liver, they attack the uHLCs at the rate /i1.S’/1ZZ/(J 4- A',Z?), where /3} 
is infection rate of uHLCs by sporozoites and Aj is efficiency of antibodies to block invasion 
of uHLCs. They die naturally at /ish$h and arc killed by immune cells (macrophages) at a rate 
rTs/,Zi.S'/,/(l 4- Tr.shiS'/,). where ash is a rate of successful removal of inlra-human sporozoites by 
immune cells and l/7rs/, is a half-saturation constant of intra-human sporozoites. The uHLCs 
are constantly recruited at rate A/,. from the bone marrow stem cells. They die naturally at rate 
Uh fl and reduced at rate {3xSi,If/(\ 4- k\ B) due to infection by sporozoites.

Mcrozoites are released from the hepatic schizonts at a rate ri d'i 7 k/( 1 4- C\Z\), where c, is effi­
ciency of immune cells (IFN--> and CD8+) to inhibit the production of merozoites. Merozoites 
invade uRBCs at a rate f32Ri\l/(l 4- k2B) and they die naturally at /z,„AZ. The parameter /L is 
infection rate of uRBCs by merozoites and k2 is efficiency of antibodies to inhibit or reduce the 
infection of uRBCs by merozoites. They are cleared by immune cells (macrophages activated 
by IFN-7) at a rate amZ2M/(l 4- 7r,„AZ), where am is rate of successful removal of merozoites 
by immune cells and l/7r,„ is a half saturation constant of merozoites.
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The gametes in mosquitoes are reeruited at a rate pquGuHl + where p is number of 
bites a mosquito can make during its lifetime, w is number of gametocytes ingested per bite 
and q is probability that a mosquito bite is infective to mosquito, while A.;} is efficiency of 
antibodies picked up by mosquito during its blood meal to mediate lysis of gametocytes and 
prevent parasite’s development in mosquito (Langhorne et al., 2008). Gametes decrease by 
natural death at rate and progression to oocysts at a rate, n.iGm. The oocysts rupture to 
release an average of 7-3 sporozoites per rupturing oocyst at a rate, 63C and die at a rate pcC. 
The released sporozoites, S,„ migrate to salivary glands where they cither naturally die at a rate 

or injected into a new host at rate abv. Table 6 below summarizes the variables of the 
model and their biological descriptions.

The gametocytes in blood stream increases at a rate (1 p)(r2^2?r)/(l + c2Z2) and decrease by 
natural death at a rate p;ibGb, for being ingested by mosquito at a rate qwGb and being cleared 
by immune cells at a rate (7tf/,Z2G’b/(l + 7r,;/,G'h). The parameters a!lb and 1/tf,,/, are respectively, 
the rate of successful removal of gametocytes by immune cells and the half saturation constant 
of gametocytes.

newly released merozoites proceeds with asexual replication cycle at a rate pr262Tr/{ 1 + c2Z2), 
while the other proportion 1 - p switch to sexual form of parasites called gametocytes at a 
rate (1 - p)(r2<S2Tr) / (I + c2Z2). The parameter c2 is efficiency of immune cells to inhibit the 
production of intra-erythrocytic merozoites or gametocytes. They also killed by immune cells 
(macrophages) at a rate afrZ27’r/(l + 7Tfr7’r). The parameter alr is rate of successful removal 
of erythrocytic schizonts by immune cells and l/irfr is a half saturation constant of erythrocytic 
schizonts.



Table 6 : Variables and their descriptions
 

Variable Description
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number of sporozoites injected to the liver
number of uninfected HLCs
number of infected HLCs
number of schizonts developed from infected HLCs
number of schizonts developed from infected RBCs
number of inerozoites in bloodstream
number of uninfected RBCs
number of infected RBCs
number of gametocytes in the bloodstream
number of gametes in the mosquito
number of oocysts
number of sporozoites in mosqouito's salivary gland
number of immune cells that fight against malaria infection at the liver stage 
number of immune cells that fight against malaria infection at the blood stage 
number of antibodies  

S/. 
// 

//. 

7/< 
T, 
M 
H 
lr 

Gi, 

G„, 
C 

s,„ 
7x 
Z.
H

(iii) Proliferation of antibodies that inhibit invasion of HLCs and RBCs depends only presence 
of sporozoites and merozoites. They die constantly.

(ii) Production of immune cells is due constant recruitement from hematopoietic stem cell in 
the bone marrow, and stimulation by presence of sprozoites, schizonts, infected HLCs and 
RBCs, merozoites and gametocytes. They naturally die at constant rate.

4.2.2 Model Assumptions
In addition to the assumptions made during the formulation of the basic model in Chapter 1, in 
the development of this model we made the following assumptions:

(iv) Antibodies ingested with gametocytes during the blood meal prevent the fusion of game­
tocytes (macro- and micro-gametes) and other developmental stages of parasites within 

mosquito.

(i) For simplicity, all immune cells that fight against malaria infection in human are grouped 
into two compartments: immune cells against liver-stage infection and immune cells 
against blood-stage infection. All malaria-specific antibodies are considered as single 
compartment.



Tabic 7 : Model parameters and their descriptions

Parameter
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O2
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’’2

*’3

a

b

«3
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Ph

Ihh
Pth

Pr
Ihr

Ptr
/'„i
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Ihjin

Pc

Psin

Psh

P
\-p

Cl

<•'2

*1

A’2

A-3
Osh

Oih

Oth

I' 

•’'1 

lh 
<h 
*2 

*3

P

X'

A/.
A,-

Description

the proportion of mosquito bites that are infectious to human 
average number of mosquito bites per individual per unit time 
average number of sporozoites injected in the liver per bite 
infection rate of HLCs by sporozoites 
infection rate of RBCs by merozoites 
rupture rate of liver-stage schizonts to release merozoites 
rupture rate of blood-stage schizonts to release merozoites or gametocytes 
rupture rate of Oocysts to liberate sporozoites
number of released merozoites per each of ruptured liver-stage schizont 
number of released merozoites per each of ruptured blood-stage schizont 
number of released sporozoites per each of ruptured Oocyst 
progression rate of infected HCLs to liver-Schizonts 
progression rate of infected RBCs to blood-schizonts 
progresion rate of gametes in mosquito's stomach to Oocysts 
the proportion of mosquito bites that tire infectious to mosquito 
average number of bites made by mosquito during its lifetime 
average number of gametocytes ingested into mosquito per bite 
the recruitmet rate of HLCs from bone marrow stem cells 
the recruitmet rate of RBCs from bone marrow 
natural death rate of HLCs
total death rate of infected HLCs 
death rate of liver-schizonts 
natural death rate of RBCs 
total death rate of infected RBCs 
death rate of blood-schizonts 
death rate of merozoites 
death rate of gametocytes in bloodstream 
death rate of gametes in mosquito's midgut 
death rate of Oocysts
death rate of Sporozoites in mosqouito’s salivary gland 
death rate of Sporozoites in human liver
proportion of relesead merozoites continues with asexual multiplication cycle 
proportion of relesead merozoites that switch to sexual form (gametocytes) 
efficiency of immune cells to suppress the production of M from liver-schizonts 
efficiency of immune cells to suppress the production of Af from blood-schizonts 
efficiency of antibodies to inhibit invasion of HLCs by sporozoites 
efficiency of antibodies to inhibit invasion of RBCs by merozoites
efficiency of antibodies to mediate lysis of gametocytes and inhibit fertilization 
rate at which sporozoites are cleared by immune cells 
rate at which infected HLCs are cleared by immune cells 
rate at which liver schizonts are cleared by immune cells

Continued on next page
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Table 7 - Continued from previous page
Description

rate at which merozoites are cleared by immune cells 

rate at which infected RBCs are cleared by immune cells 

rate at which blood schizonts are cleared by immune cells 

rate at which gametocytes are cleared by immune cells 

proliferation nite of immune cells due to contact with sporozoites 

proliferation rate of immune cells due to contact with infected HLCs 

proliferation rate of immune cells due to contact with liver schizonts 

proliferation rate of immune cells due to contact with merozoites 

proliferation rate of immune cells due to contact with infected RBCs 

proliferation rate of immune cells due to contact with blood schizonts 

proliferation rate of immune cells due to contact with gametocytes 

1 /it„h half saturation constant of sporozoites

1 /-nu, half saturation constant of infected HLCs 

1 /tt//, half saturation constant of liver schizonts 

I half saturation constant of merozoites

1 /7T,r half saturation constant of infected RBCs 

l/7ifr half saturation constant of blood schizonts 

1 /tt,,/, half saturation constant of gametocytes 

maximum rate of increase of antibodies due to presence of sporozoites 

maximum rate of increase of antibodies due to presence of merozoites
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Figure 13: Coinpartmcntal model diagram for the in-human host and in-mosquito dynamics of malaria 
parasites with immune responses

4.2.3 Compartmental Diagram

Based on the dynamics described in Section 4.2.1 and the assumptions described in Section 
4.2.2. the proposed model for the in-human host and in-mosquito dynamics of entire life cycle 
of malaria parasites with immune responses is shown in Fig. 13, in which the variables and 
parameters are described in Table 6 and Table 4.2 respectively.
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4.2.4 Model Equations
Based on the compartmental diagram illustrated in Fig. 13 above, the in-human host and 
in-mosquito dynamics for the entire life cycle of malaria parasite with immune responses are 
governed by the following system of ordinary differential equations.
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4.3 Analysis of the Model

where

■ Hz) =

where
GfhZiVih%\ft\ Sh

4- fih,fii a-j =
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“I" Mr>+ i «8«7 =«5

«»

«14 —

a-2i => 019 —«18

<tr^2
<*26 =«25 =«23 =

(4.2)«27

and F is a column vector given by

F = (A/,, 0,0,0, Ar, 0,0,0,0,0,0, abv, ASl, A22,0)r
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4.3.1 Wellposedness of the model
hi this section, we assess the wellposedness of the model by investigating the existence and 
feasibility of its solution. That is, to test whether the solutions are epidcmiologically (variables 
have biological interpretation) and mathematically (a unique bounded solution exists for all 
the time) well-posed. The model system (4.la)-(4.Io) can be expressed in the compact form 
(Dumont ct al., 2008; Mpeshe et al., 2014a) as follows
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4.3.1 Wellposedness of the model
In this section, we assess the wellposedness of the model by investigating (he existence and 
feasibility of its solution. That is. to test whether the solutions are cpidemiologically (variables 
have biological interpretation) and mathematically (a unique bounded solution exists for all 
the time) well-posed. The model system (4.1 a)-(4.1 o) can be expressed in the compact form 
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In this section, we assess the wellposedness of the model by investigating the existence and 
feasibility of its solution. That is. to test whether the solutions are cpidemiologically (variables 
have biological interpretation) and mathematically (a unique bounded solution exists for all 
the time) well-posed. The model system (4.1a)-(4.1o) can be expressed in the compact form 
(Dumont et al., 2008; Mpeshe et al., 2014a) as follows
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D = {(//, Ih,Th. AL R, Ir.Tr.Gl.,G,n.C,Sn„SlnZl,Z2. B) > 0 G R’5}

In absence of malaria infection.

Zf” =

Thus the MFE is
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is the feasible region for the model. Thus, the model (4.1 a)-(4.1 o) is epidemilogically and 
mathematically wellposcd in the region 'D.

_ '/’Ol— Li

It is observed that /l(.r) is Meltzer matrix since all its off diagonal elements are non negative, 
for .r G R1,:’ and F > 0. Therefore, the system (4. la)-(4.1 o) is positively invariant in R^5, 
meaning that an arbitrary trajectory of the sytstem started in R*? remains there forever. Also F 
is Lipschitz continous. Hence, a unique maximal solution exists and so

Z?0'

4.3.3 Basic Reproduction Number, 7£Oi
In this context of in vivo dynamics. Guardiola and Vecchio (2005) defined reproduction number 
as a number of newly infected cells that single infected cell can produce during its infectious 
period. We calculate basic reproduction number for the model (4.1a)-(4.1o) using the next 
generation matrix method (Van den Driessche and Watmough, 2002). The equations for model

From equations (4.1a), (4. le), (4.1m) and (4. In), we respectively obtain

ZZ'” = /?o> = Z?1 =
/Oi Mr Mei

F01

and Z?1 =
Pz-2

/in = AZ01 = = 7?’ = Gf = = C01 = S°* = St" = Z?01 = 0.

4.3.2 Malaria Free Equilibrium (MEF)
Let F”1 = (//0\/;;\7^\AZn\F°\7“\7;”,Gt”,Gt”,C,”,S;”,S{”1Z{,1,Z?,1F,n) be the 
MFE of the system (4.1 a)-(4.1 o). We obtained equilibrium points of the system by setting 
right hand side of model equations equal to zero and solve for variables.

= (^.0.0,— ,0,0,0.0,0,0,0, ^,^,0
\ llh Mr /4si Ms-j



(TihZylh
(4.3a)

(4.3b)

pi'ifaTr faRM
pmM4- (4.3c)

(f*2 +/Zir)/r (4.3d)
r

ffjrZ2Tr
(4.3e)

1'2 fal r (1irZ2Gl,
- (QLu- + ll.;lb)Gh -= (1-P) (4.3f)

pquGb
(4.3g)

(4.3h)

(4.3i)

fish Z ] Sh
(4.3j)PshSh

(4.3k)- p,R

(4.31)- Ph I I

<ihlh (4.3m)+4-

^r/bl'b1 ir^r (4.3n)- 4-4-

(4.3o)- PbB+ »/2

(El)]) is transmission matrix and Vi =
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- + 
r

tthl'h

CtrTr '

fa RM
1 4" fa 13

=rn6:iC - at/S,,,

faShH

faRM
1 + fa 13 
fa Shi I

( ( sh •''’/>

Hsm

rir

1 4" 7im AI 
f1frZ\ Ir

Sm

(4.1 a)-(4. i o) arc re-arrangcd so that the infection classes appeared first. Thus we have,

<17/, = fa ShII 
di 1 4“ A'i 13

ATh
~dT =,"Ih
d.M 
dt 
(17,.
dt

dTr , / -
—— —(12'r ~ (^2 + Plrjlr ~ 
dt

dGb 
dt

dG,„ 
dt 
dC ...

— rt.jt — ficC 
dt

dSm 
dt
dSh
—— =abv — 
dt

-r- ~ A,. - ■ 
dt

dll t
~dt =A" -

(IZj

~dT
dZ2 
dt 
<17?
W =1h

(mM 
1 + 7TtnM

ShZx . MZ2
T^,+,,2TT^Ji
Reproduction number, 7£Oi, is the spectral radius p(F\ V,-1), of next generation matrix FXVX 1.

where = —-(E™) is transmission matrix and Vi = is transition matrix.
Ox, oxi

J7], be the rate of appearance of new infection in compartment i,
be the rate of transfer of individuals into compartment i by all other means,

Vi“ be the rate of transfer of individuals out of compartment i by all other means and =

fttiG >n lh/mGnl

—AC1 4-

=A..2 4-

MiT/,



Vb - Vb . Hence, using equations (4.3a)-(4.3j) we have

/ PiShII \

-Fi,= (4.4)

\ /

and

/
lh

ihR rrTh-+
(JirZ-2

Ir

(4.5)V1? =

Tr

+ M.sh Sh ~ abv+
/\
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4'2 + Ihr +
VybZ-2

()

0
0

I Th ~ CYjh 

nd’i

0-2 + Mir +

“tr1 r /

Gb- f(l-p)

0
0 

;?27?AZ

0
0 

pf/uGb

Tr - a2Ir
r-2^2

pr-2d‘2

«'i + Pih + 

athZ\

A/ - I-+ Pm

( 41 + Plh +

1 + irmM

+ pgm)Gm
(4 a + Pc)G — cv-iGm

+ /Igm )Sam - r-s^c
P\II , oshZ\



From matrices in (4.4) and (4.5) we obtain

Zo 0 0 0 0 0 0 0 0

0 o fa— 0 0 0 0 0 0 0

Fi = (4.6)

/

and

/ 0

V2

1’6

1’7 (4.7)V1 =

1'10

I’ll

«14 /

, l>3 =

+ Ptr, V& ~t’5 =

(4.8)+ Psh
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0
0

-1’3

0
0
0
0
0
0
0

0
0

0
0
0
0
0
0

0
()

0
0
0

0 0
0 0

0 0
0 0
0 0
0 0
0 0
0 0

-1'5 

0

0
0

0
0

0
0
0
0
0

0
0
0
0

0
0

n
0
0

0
0

0
0
0
0
0
0

0 0
0 0

0 0
0 0
0 0
0 0
0 0
0 0

0
0
0
0
0
0
0

0
0
0
0
0
0

0
0
0
0
0
0
0
0

n 
0 
0 
0
0 

\0

1’13 

0

~«3 

0
0

-ni

0
0
0
0
()

0
0
0

1’4

0
0
0
0
0
0
0

-4’12 

0

— 0'2

0
0
0
0
0

"F Pm

n 1’14 =/*]----- +
M/i

—1’8 1'9

0
0
0
0

Oth^zi

Pzx
pr2falls.i

Pz\ Pzx+CiA.
(JtT^Z2

llZ2

0 >

0
0
0
0
0
0
0
0

4412 = 7*363, U13 = (IV + /*»„,

, 7'6 — 11'2 + Pir + 
• »22

’’ P=2

A»(
Pz\

- Ar . <7rilA22
Mr Pz?

(1 - p)r262/z=2

A—> 
Ph 
0 
0

0
0

p(ju) 0
0
0
0

—. = fa— +
si

\ 

respectively, where

0’irAj.j -
------- . 1'7 = d2 +

Pz2

0
0 
Ar
Mr 

0
0
0
0
0
()



-I , of V] given by

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

() () 0 0 0 0 0
(4.9)

00 0 0 0 0

0 00 0 0

0 0 0() 0 0 0

() 0() 0 0 0

0 0 0 0 0 0

(4.10)

1 >15 =

(4.11)1 >18 —>1,
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0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1’14 /

0 

0 

0

>h 
0 

0 

0 

0 

0 

0

0
_1_
1’1.3 

0

0

1'4

0

0

1'9 

0

0
0
0
0
0
0
0

>b
0
0

0
1

<’2
1’3

1'41’2

0

0
_1_
1’11 
l’l2

1'1131’11

0

0
0
0

>15

0
0
0

>17
0
0

0
0
0

>1g

0
0
0

As
0
0

/^ArV5«2

V7V6V4llr

v:^2 
i’7ip’4

0
0
0

>13

0
0
0
0
0
0

Al

Vi’1

1'6 
tt2

1’71'6
1*21'8

1'91’71’6

0

0
J_
I'm 
113

fl 11'10
1'12113

f 131'111'10

0

Fivr1

--------- , /U =   
f4l'2/'r---------------”4/7-
pqwvs pqu
------ > A —  

1'9^7---------------- 1'9

0 /I?
0
0
0
0
0
0
0
0
0/

A = A5 =----------
W4/»r

Hence, from (4.6) and (4.9), we have 
/() 

0 
0 

.4-2 

0 
0 
0 
0 
0

From (4.7) we obtained the inverse, V] 
/ _1_ 

fi 
<>i 

1’21’1 
1’311'1 

1’41’21'1 

0

AA/i /?21111'3Ar .
--------, >1'2 = ------------- > >h — 
1’14/11!---------------IMWl/'r
fa V 5 A,- , pqu 0*012

6 —-------------- ? >17 — -----------------
f71'4/lr l’91’7f6

The eigenvalues of next generation matrix, F V,-1 are obtained from

IF^r’-ZAHO
The basic reproduction number, 7£oi. ’s the dorminant eigenvalue of F\Vi *. From (4.10), we 
obtain only one nonzero eigenvalue

1'71’4

0

1'7
1’8

1'917

0



Therefore, the dorminant eigenvalue is

and hence, the basic reproduction number, TJoi is

(4.12)

pr&p

7£i)i —

which can be expressed as

7^(ii — (4.13)
HI

that fight against blood stage malaria at malaria-free equilibrium. From equation (4.13),

is the proportion of RBCs that can be infected by a merozite introduced

into entirely susceptile RBCs population before it dies (either naturally or cleared by immune

represents the proportion of infected RBCs that progress tocells).

is an average duration a schizont spends before itschizonts before dying.

is number of merozoites produced byburst or cleared by immune cells and

a schizont when it bursts.
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A*a
p»2

O2

«2 + /Gr + CT/i-Cy

pr2d'2
1 + C2Co

1
+ /Or + G’lrZo

0'2

.0'2 + Pir + O,r2y

1 1 f pi'2^2
+ Plr + Otr~0. . 1 + c2~0.

______ ihH)
_/A»r() + O,„2

faro 
fa? I) 4” O,„ Cy -1- //,,,

rt Ar„

__________f'zi ~ '-2-v;2____________________
O2 + Pir + (z4”* ■*" ^77 + O’,

P.-2

,n 32 Ar l'5O2 
'<01 — --------------

tW>4/*r

Substituting the values of v.i, ur„ rG, and v7 from equation (4.8) into equation (4.12) we get

ru = — and Cy — —respectively represent the values of uninfected RBCs and immune cells
Pr P:-2

_ >72z\rt'r,O2

l’7l’6V4/4r



4.3.4 Local and Global Stability of MFE

./(E"1) =

where

U5 ------ H 17 —- + Mi «(> =7/1:
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0 
0

-1'3

"1

0
I)
0
()
0
()
I)

I)

"17 
0

0

() 
() 
I) 
0 
0 

»8 

'«2 

0 
() 
0 
I) 
0 
I)

1'211 

0

0 
0
I)
0 
0
0 
0
0

-1'12

«3

I) 
0
0 
0
0

I'h 
0 
0 
() 
() 
0
(I
(I
(I
0
0 
0
0 
0
0

0 
0 
0 
0 
I) 

() 
0

-"11 

/"J* 
0 
I) 
0 
0

1'22 

0

0
0
0
0
0
0
0
0
0
"13

*3*3
0

0
0
0

-Ml 

"1 

0 
0 
I) 
0 
0
I) 
0 
0 
0

-"1ft 

"18 

0 

"21

0 
0 
0
0

-l>r
0
0
()
0
0
0
0
0 
0
0

0 
0 
I)

0 
0

-Un 

"1(1 

0 
0 
0 
0 
0 

"21 

0

0
0
0
0
0
0
0
0
0
0
0
0
0

-/'--■J

0

0
0
0
0
0
0
0
0
()
0
()
0

~/‘«l

0
0

IS 
0 
0 
0 
0 
0 
I) 

0 

0 
() 
0 
I) 

I) 
0 
0 

/'(>

0 
0 
I) 

-"ft 

"7
0 
0
0 
0
0 
I) 
0 

"19 

"23

0 
0 
0 
0 
0
0 
0 
0
0
()

-"11 

0 
0 
0 
0

-2

A-2

(1 - p)r262Hz-i , , A-2
--------- - - • ------ , Ull = QW 4- Hub + Gyb------ ’ «12 = «3 + p9„|,

Hz'2 4“ C21*Z'2 Hz'2
j AS1 A;i _  A-.

«15 = Pi------b Ps/i------- 1- ui6 — t'7i----- » Wit — fth----- •
Hh Hzi Hz\ P-i

^Z‘2 Z’2 ^Z‘2 Ac,
. U21 = Ctr---- -, U22 = tjb------ , W22 = ,

Hzi Hz'2 Hz-2 H‘Z\

(4.14)

The Jacobian matrix of the system (4.1 a)-(4.10) evaluated at malaria-free equilibrium, E01, i 
0 

<»i 

0 
0 
0 
0 
0 
n 
0 
0 
i) 

"16 

() 
0

A=1 
»1S =cs/i------ • U19 — <

/*=, 
A;2 

«23 =7/2------------
Tttnl1 z-2

Local stability of a MFE, E01, is determined by using the signs of real part of eigenvalues of 
the Jacobian matrix of the system evaluated at E01. We denote the Jacobian matrix of model 
system (4.1a)-(4. io) evaluated at the MFE by J(E01). The MFE is locally assympotically 
stable if and only if all eigenvalues of ./(E01) have negative real parts.
Clearly, six eigenvalues-/in, -/ir, -ur, ~Hz^ ~Hz2&nf^ -/Q, are negative. The other 
nine eigenvalues are obtained from remaining 9x9 submatrix, Ji(E01), given by

W13 =<>3 4" Pr- 11VI — UP + /Ism-.

^Z’2 -< -*

m------ , «20 = <"•-------• W21 = Ctr------ . U22 — tjb-------, W22 — Cs/i-------
//,2

A-, 
, u2.i = ?/i ---------

^ahHzi

A-, 11^1/Gi

Hzi Hz\ 4- Ci A-,
n Ar As.,

, U7 — fi2--- . U» — Hir + Ol2 + Uir---- “
Hr Hz-2

A-2
■, Un — QV 4- H'jb 4- (Jgh-----, U12 = CV3 + H.

.. ^Zt A*.
«1 =Pi —, w-2 = ci | + (Uh 4- ----- , U3 = di 4- Hih 4- a th— • =

Hz\ 
pr2d2p.

A/,
Hh

A
H Z‘2

■^Z2

111) — rt-2 4- Htr 4- <7/,.----- . Ujo —
Hz2



0

•7i(Eni) =

- «I5

()

.72(£’0,) =

-1*15

0

J3(Em) =

And from J^E01) above we obtained another eigenvalue — tin, and a new reduced matrix is
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0

0

0

0

0

0
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-7Z11

pz/a;
0

U<)
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0

0

-i/ii

0

0

-**s
«2

0
0

-Wg 

win 
0

u2
<■»!

0

()

0

0

0

0

0

-l>2

0
0
0
0
0
0

-W3

**4 

0

0

0

0

0

0

-1/2 

ci!

0 

0

0 

0

0

-1*3

1/4

0

0

0

0

0

-1*3

W4 

0 
0 
0 
0

~«5

**7

0
0
0
0

-«8

o2
0
0
0
0

-«5

W7 

0 
0 
0

-u«
«2

0
0
0

-«9

W-10 

0 
0

-«n 
0

-1*12 

0

1*1 

0 

0 

0 

0 

0 

0 

0

-1*5

"7

0
0
0
0
0

1/6 

0

W(> 

0

W6 

0

-W12

*»3 

0

W1 

0 

0 

0 

0 

0 

-W15

Wi 

0 

0 

0 

0 

0 

0

-W13 

0

from which another eigenvalue -i/I2 is obtained. Another reduction leads a 7 x 7 submatrix 

given by

From eighth column of wc observe that other eigenvalue is -uI3 which is also

negative. Further reduction of this, leads us to 8 x 8 submatrix given by



0

J.l(£01) =

“»15

(4.15)

and

llei( J.|(£in)) = (U2W.3M)5)(U5U»W9 - > 0 (4.16)

J/5USU<) > 0’2 M 6^7

equivalently

(4.17)

< 1

which is the same as

(4.18)T^oi < 1
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Theorem 4.5
The malaria-free equilibrium, E°\ of the model (4.1a)-(4.lo), is locally asymptotically stable 
when 7v01 < 1 and unstable otherwise.

Thus, all eigenvalues of J(EOX) have negative real parts only if T^oi < 1. Hence, MFE is locally 
assymptotically stable provided T^-oi < 1» which leads us to the following theorem.

since the values of u's given in equation (5.13) are all positive, then equation (5.15) is true only 
if

0
0

0
0
0

0
0~«3

0
0
0

»6

(1

~«2

0
0
0
0

-Ur,

«7

0
0 0 0

Mi 

0 
0 
0 
0

O'2»6»7 < 1

UnUsUO

Substituting the values of u-„ u^, u7. u». and u$ as given in equation (4.14) into equation 
(4.17), we obtain

We investigate the signs of other remaining six eigenvalues using the trace-determinant tech­
nique. If the trace and determinat of .Z|(£’01) are strictly negative and positive respectively, then 
all eigenvalues of ./.i(/vIH) have negative real parts. The following results were obtained using 
MAPLE 12,

,<Ar 
______ I 2/‘rf’ 2Ps2+C2^i2________________________

) (/*»r + 0’2 + (firn + 02^ +



— ^iU)(A'„ - Xeoi „) + Z]2(x)Xc

- A2(x)Xr

X„ = (//, R, Zi, Z2.13) and Xr = Tln M, /r, 7’r. G’b. G, (4.19)

0 (4.20)X/rni,n =

and
0

(4.21).4j(.r) =

/'by

0

(4.22)/h 2 (;»-■) = 0

0

where
' sll Z\<thZ\LihZlfaR , d< =, d3 =d2 =

(irZ2(■irZ2 , ^10 —> dg —(I7 —de
\r-

(4.23)
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dx

We applied the Metzler matrix theory to establish the global stability of MFE as used in Castillo- 
Chavez et al. (2002) and Mpcshc et al. (2014b) by expressing the model (4.1a)-(4.1o) in the 
form

0

0

0

0

0

where X„ is the vector of non-transmitting classes and X, is the vector of transmitting classes.
For our model, we have

0

0

0

0

0

0

0

0

fix, 
fit

fix,.
rlt

0

~/'r 

0

0

0

0
0
0

d~
0

0 
0 
0

d« 
0

V2Z1
l + 7r„.A/’

fix II
1 4- A j B 

<in%2

1 4" 7F„|A/ 
T]\Z\

r, d8 = 
r

\

0 

do 
0 

dx\ y

0 
-d2 

0 
da 
d\o

du =

0 0 0 -d, 
0 0 0 0

0 0 0 
d9 0 0 0

0 0 0

/'-i

0

0

'o
0

d3
0

A/i Ar A-j

IQi Z^r /'n

m, G, Stn, Sh)

-(Hi

0
0
010

FT, d;, =

Cgb^2



and

0

U'3

~ M'5

-U's

.4_>(j-) = (4.24)
-tt’ii

-U'|3

~wisJ

where

f7 th Z i Mi
«’i =ni + />ih 4- lt'2 = W,'4 =

<TirZ2
JL'S — (>2 + Mir +W6 = , W7 —

(IfJUJ
. ll'Vi =T, «’1O =

^sh Z\ (4.25)4- + Ms/itt'is

Lemma 4.2

with A/n andLet M be a square Metzler matrix written in block form M =
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It can easily be observed from (4.21) that, all eigenvalues of /1( are real and negative. 
So. the system

0
0

()

0
0

0
0

0
0
0
0
0

0
0
0
0
0
0

0
0
0
0
0
()

0

-tt’16

W17

0
0
0
0
0
0
0
0

u.'4 

0 
() 

0 
0 
0 
0 
0

ll'~ 

n 
0 

0 

0 

0 

0

<*2 

() 

0 
0 
() 

0

U’(i 

0

M’12

0

0

0

n.3 
0 

0

-U'l)

»’1O

0
0
0
0

= /1i(.e)(X„ — XEnl,n) +

-wu
«-’15 

0

Olh^l

dXn 
dt

is globally assymptotically stable at E01. It can be observed from (4.24) and (4.25) that all off 
diagonal elements of /12 are non-negative. Therefore, /12 is a Metzler matrix. To establish the 
global asymptotic stability of MFE, we have to show that /lo is Metzler stable matrix (all its 
diagonal elements arc negative) by proving the following lemma as described in Dumont et al. 
(2008) and Kamgang and Sal let (2008).

/-H’l

abv
W\7 = 

<3 in

0
0
0
0
0
0
0

W15 = Mb ™16 = W +

A/n A/] 2 

A/21 A/o2
A/22 square matrices. M is Metzler stable if and only if matrices AZu and AZ22 - AZ12 
are Metzler stable.

U'i4 — + fir,w13 —«3 + llniii'

HJI
1 + kyB

1 + k.\ 13 
Pl’2^2

111 +
&Z?

«’r> .

W2 

0 

0 

0 

0 

0 

0 

0 

0

= *)’]+ Uth 4-

l + k2B'
(Tgl^

f7111^2

1 + n-„,A/'
(1 - p)r2rt2

. 7—• '<<-'11 — qu 4- li.jb 4-



/ 0-wi

-»’3

-W8

0 0 » <) /n2\

( 0 / \0 0 0
0() 0 0

3/,, = A/21 =0 () 0 0 0
0 0 0 () 0

()(} 0 0 / \ /

/ \0-U’ll

-W13

and M>> =
-m’ig
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But, AZ22 ~ A/2iA/ij1AZ12 is Metzler stable matrix

(4.26)>0
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(4.28), Wg = d2 + l-ltr +
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Clearly, J/; 
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When the expressions for 11%, wG, wq, 
MFE, obtain the following expressions

From equation (4.24) we have M - /12 and A/(I =

a\Cl2W\0WqW4™2 .
Wi <U3(tL’5W8U’9 - tt2W6W7)

It is observed that equation (4.26) holds only when
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wg and wg given in equation (4.25) are evaluated at

n is Metzler stable matrix.
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Now substituting equation (4.28) in equation (4.27), we obtain

(4.29)
^2 + Btr +

l‘:

equivalently

7£o] < 1 (4.30)

which leads us to the following theorem.

< 1 and

£• = (//•. t;,. .w, ir. t;,g;„ g-„. c\ s-m.s-h, z;. z;. z?-)

4.4 Numerical Simulations and Discussions

Table 8 initial values of variables of the model (4. la)-(4. Io)

C BVariable // .XI RTh

1 000 0Initial values 500 0003 000 2 0000
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Estimation of parameter values of in vivo models is challenging work (Chiyaka et al., 2008). 
The numerical values of parameters used for simulation of our model are listed in Table 9. 
These values are either assumed or taken from some related studies among existing literature.

The reason as to why some parameters values are assumed is that, mathematical modelling on 
liver and/or mosquito stage dynamics of malaria infection have not yet been done or the values 
found on existing literatures are not suitable for this model. However, our main concern is

In this section, we perform numerical simulations of the model (4.1a)-(4.lo), to illustrate the 
dynamics of model using MATLAB symbolic package. In the simulation of this model, initial 
values are assummed to allow computer executions, and their values are as listed in Table 8.

Due to the complexity of the model system (4.1a)-(4.1o), it is found awkward to express MIE 
explicitly. Therefore, the existence and stability are established numerically in the next section.

4.3.5 Existence and Stability of Malaria Infection Equilibrium
1, then Theorem 4.6 suggests the existence of malaria-infection equilibrium (MIE), 

which is given by

Cm

1 500

Tr

I 000

lr

0

Sh

2 0000 3 000

Z2

10

S,n

2 000

Zi

10

n„, 
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Theorem 4.6
A MFE, Z?01 of the model (4.1 a)-(4.1o) is globally assymptotically stable in T> if T^oi 
unstable if'/?.oi > 1.
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) + Bir +



Table 9 : Parameters estimates of the model 4. la-4. Io

Par

1/ :

di :

l>i. :
IHh :

pie. *d 1

«2 :

1'2 ■

P:

Ar
Hr

Pir

Ptr

lh„

r;t

«3

H.'h

P
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ll'jm

Hr.

Pam

u :

If.

0.09
10

0.145 d-1
16

(Selemani et al.. 2016) 
(Li et al., 2011) 
(Dube et al., 2010) 
(Diebner et al., 2000) 
(Selemani et al.. 2016) 
(Li etal., 2011)
(Selemani et al., 2016) 
(Selemani et al., 2016) 
(Nelson and Williams, 2014) 
(Selemani et al., 2016) 
(Selemani et al., 2016) 
(Selemani et al., 2016) 
(Selemani et al., 2016)
(Selemani et al., 2016)

(Selemani et al., 2016) 
(Selemani etal., 2016) 
(Selemani et al., 2016) 
(Selemani etal.. 2016) 
(Selemani et al., 2016)
(Selemani et al., 2016) 
(Selemani et al.. 2016) 
(Selemani et al., 2016)

(Agustoera/., 2012)
(Selemani et al., 2016)

References
(Tumwiine et al.. 2007 b)
(Selemani et al., 2016)
(Nelson and Williams, 2014)
(Selemani et al.. 2016)
(Tumwiine et al., 2014)

*3

Description
probability that a bite infects human 
number of mosquito bites per individual 
number of sporozoites injected per bile 
infection rate of HLCs by sporozoites 
number of merozoites per liver schizont 
progression rate of infected HCLs 
to schizonts
rupture rate of liver schizonts 
the recruitmet rate of HLCs
natural death rate of uninfected HLCs
death rate of infected HLCs 
death rate of liver-schizonts 
infection rate of RBCs by inerozoites 
rupture rate of blood schizonts 
progression rale of infected RBCs 
to schizonts
number of merozoites per blood schizont 
probability that a bite is infectious 
to mosquito
number of gametocytes ingested per bite 
number of bites made by mosquito 
in its lifetime
the recruitmet rate of RBCs
death rate of uninfected RBCs
total death rate of uninfected RBCs 
death rate of blood-schizonts 
death rate of merozoites
death rate of gametocytes 
rupture rate of Oocysts 
number of sporozoites per Oocyst 
progresion rate of gametes to Oocysts 
death rate of gametes
death rate of Oocysts
death rate of sporozoites in mosqouito 
death rate of sporozoites in human liver 
proportion of asexual that differentiate 
to merozoites
the recruitmet rate of immune cells in the liver

Value
0.75
lad'1
10 - 20
0.001 /i/r-'d-1

10 000

(Selemani et al., 2016)
(Dube et al., 2010)

not on accuracy of these parameter values, rather is on the effect of these parameters on basic 
reproduction number, which alerts on how and where to target to eradicate or control the disease 
(Chiyaka cl al., 2(X)8).

0.926
30 cjd-1d-1

Pth :
#2 ■

A* :

(Selemani et al., 2016)
Estimated

Continued on next page
A.j :

3
41 500e/d-Id_I
0.02 d"1
0.025 d’1

0.185
48 d“l
6.25 x 10-5d_1
0.05 d"1
1 000
0.07d-1
0.052 d"1
0.024 d"1
40 d~l
1.2 x 10"11 d"'

0.125 d 1 
0.0975 d'1 
3 000c/d *d 1 
0.94 d'1 
0.95 d 1 
0.029 d"1
2 x 10 " ( 
0.115 d"1
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01 :
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id :
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not on accuracy of these parameter values, rather is on the effect of these parameters on basic 
reproduction number, which alerts on how and where to target to eradicate or control the disease 
(Chiyaka et al., 2008).

di :
’’I :

a :

b:

0.09
10

(Selemani et al., 2016)
(Li etal., 2011)
(Dube etal., 2010)
(Diebner et al., 2000)
(Selemani et al., 2016)
(Lie/ al.. 2011)
(Selemani et al., 2016)
(Selemani etal., 2016)
(Nelson and Williams, 2014)
(Selemani et al., 2016)
(Selemani et al., 2016)
(Selemani et al., 2016)
(Selemani et al., 2016)
(Selemani et al., 2016)

(Agusto et al., 2012)
(Selemani etal., 2016)

(Selemani etal., 2016) 
(Selemani etal., 2016) 
(Selemani et al., 2016) 
(Selemani et al., 2016) 
(Selemani et al., 2016) 
(Selemani et al., 2016)
(Selemani et al., 2016) 
(Selemani et al., 2016)

(Selemani et al., 2016)
(Dube etal., 2010)
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"3

Pflm
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Pam 
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P
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th it : 

Pth :

d'2 : 

a2 :

rfi :
A/, :

0.926
30 c/d-,d-1

(Selemani et al., 2016)
Estimated

Continued on next page

References
(Tumwiine et al., 2007 h)
(Selemani et al., 2016)
(Nelson and Williams, 2014)
(Selemani er a/., 2016)
(Tumwiine et al., 2014)

A., :

Par Description
probability that a bite infects human 
number of mosquito bites per individual 
number of sporozoites injected per bite 
infection rate of HLCs by sporozoites 
number of merozoites per liver schizont 
progression rate of infected HCLs 
to schizonts
rupture rate of liver schizonts 
the recruitmet rate of HLCs 
natural death rate of uninfected HLCs 
death rate of infected HLCs 
death rate of liver-schizonts
infection rate of RBCs by merozoites 
rupture rate of blood schizonts 
progression rate of infected RBCs 
to schizonts
number of merozoites per blood schizont 
probability that a bite is infectious 
to mosquito
number of gametocytes ingested per bite 
number of bites made by mosquito 
in its lifetime
the recruitmet rate of RBCs
death rale of uninfected RBCs
total death rate of uninfected RBCs
death rate of blood-schizonts 
death rate of merozoites 
death rate of gametocytes 
rupture rate of Oocysts 
number of sporozoites per Oocyst 
progresion rate of gametes to Oocysts 
death rate of gametes 
death rate of Oocysts
death rate of sporozoites in mosqouito 
death rate of sporozoites in human liver 
proportion of asexual that differentiate 
to merozoites
the recruitmet rate of immune cells in the liver

0.125 d 1
0.0975 d"1
3 000 cpl ld 1
0.94 d"1
0.95 d"1
0.029 d"'
2x10“ plc-'d
0.115 d-1

3
41 500 cpl-’d-’
0.02 d-1
0.025 d-1
0.185
48 d-1
6.25 x 10-5d-1
0.05 d-1
1 000
0.07 d-1
0.052 d-1
0.024 d~’
40 d-1
1.2 x IO-11 d~l

Value
0.75
15d-‘
10-20
0.001 /dr-'d-1
10 000



Estimated

Estimated
A'i :

Estimated0.035

A--:
0.0015 Estimated

A-.3 :
Estimated0.03

9 Estimated9 x 10

Estimated

nth :

Estimated

n„i :
s (Li et al.. 2011)1 x 10

nir ■
s (Li et al., 2011)1 x 10

n(r :
8 Estimated1 x 10

n,ji, :

(Austin etal., 1998)

G/i ••

Estimated

'»/■ :

4.6 x 10 5 Estimated

tth ■

Estimated

4.69 x 10 5 (Li etal., 2011)

fir :

2.5 x IO'5 (Li etal., 2011)

tfr :
Estimated

tf/ft •
2.5 x IO’5
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Description
the recruitmet rate of immune cells in the blood 
death rate of immune cells 
death rate of immune cells 
deterioration rate of antibodies
efficiency of immune cells to suppress 
the production of M from liver-schizonts 
efficiency of immune cells to suppress 
the production of A/ from blood-schizonts 
efficiency of immune cells to inhibit invasion 
of HLCs by sporozoites
efficiency of immune cells to inhibit invasion 
of R BCs by merozoites
efficiency of immune cells to mediate 
lysis of gametocytes and inhibit fertilization 
rate at which sporozoites are cleared 
by immune cells
rate at which infected HLCs are cleared 
by immune cells
rate al which liver schizonts are cleared 
by immune cells
rate at which merozoites are cleared 
by immune cells
rate at which infected RBCs are cleared 
by immune cells
rate at which blood schizonts are cleared 
by immune cells
rate at which gametocytes arc cleared 
by immune cells
proliferation rate of immune cells 
due to contact with sporozoites 
proliferation rate of immune cells 
due to contact with infected HLCs 
proliferation rate of immune cells 
due to contact with liver schizonts 
proliferation rate of immune cells 
due to contact with merozoites 
proliferation rate of immune cells 
due to contact with infected RBCs 
proliferation rate of immune cells 
due to contact with blood schizonts 
proliferation rate of immune cells 
due to contact with gametocytes Estimated

Continued on next page

References
(Chiyaka et al., 2008) 
Estimated
(Chiyaka et al., 2008)
(Chiyaka et al., 2008)

Table 9 - Continued from previous page 
Value 
30 c.pr'tr'— 
1.5 
1.53 
0.4

2.5 x 10 5

9x 10 9

1 x 10 K

1 x 10”

Par

A;._. :

=
pi, :

<i :

4.63 x 10 ‘5

5 x 10*5

1(1 5

3 x 10 5
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We performed numerical simulations to establish the existence of malaria infection equilibrium 

(MIE) as stated earlier. Fig. 14a, Fig. 14b, Fig. 14c and Fig. 14d indicate that each variable 

varies with time and reaches a constant value (i.e., a value at MIE). In Fig. 14a we show 

how number of injected sporozoites, healthy liver hepatic ceils, parasitized hepatic liver cells 

and schizont vary with time. Fig. 14b shows the variations of uninfected RBCs, infected RBCs, 

merozoites, blood-schizonts and gametocytes. Fig. 14c illustrates the time variation of variables 

in sporogonic cycle while Fig. I4d indicates the variation of immune responses with time. 

Therefore, Fig. 14 depicts the existence of malaria-infection equilibrium, E' for the model 

(4.1a) -(4.Io).
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table 9 - Continued from previous page 

Value 

a x nr ’ 
a x 10 ■* 

5 x KI"* 

7 x 10 4 

5 x 10“ * 

a x 10 1

-I i
a I

Par Description

1/ittii saturation constant of sporozoites 

l/ir,i, saturation constant of infected HLCs 

l/<rf/, saturation constant of liver schizonts 

1 /it,,, saturation constant of merozoites 

l/ff,r saturation constant of infected RBCs 

\/~tr saturation constant of blood schizonts 

maximum rate of increase of antibodies 

due to presence of sporozoites 

maximum rale of increase of antibodies 

due to presence of merozoites
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f. 
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Figure 14: Time variation of variables at cxo-crythrocytic, erythrocytic, sporogonic cycles and immune 

responses with time to verify the existence of MIE

Now, let us assess for stability of E*. Fig. 15 depicts that with different initial values, each 

model variable converges to certain value (value at MIE).
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Therefore, with reference to Fig. 15, we suspect that, malaria infection equilibrium, E", is 
globally asymptotically stable.

i

(o) B° = 0,50,100,120,150

Moreover, this model indicates promising results on the control of malaria infection at the ery­
throcytic stages. From Fig. 16 it is observed that inclusion of immune responses in the model 
has impact on increasing the number of uRBCs and reducing the number of iRBCs. mero- 
zoites and gametocytes. The minimum number of uRBCs to basic model (nonimmune) is be­
low 2 x IO-5 cells per microlitre, while in this model where effects of immune responses are 
included, the minimal number of uRBCs is found to be above 2 x IO-5 cells per microlitre as 
indicated in Fig. 16a. On the other hand, maximal number of iRBCs in a nonimmune model 
and in a model with immune effect are approximately to 3.4 x IO-0 and 2.7 x 10“° cells per 
microlitre respectively as illustrated in Fig. 16b. In addition to that, there is noticable decrease 
in number of merozoites and gametocytes (Sec Fig. 16c and Fig. 16d respectively).



»A-r 15Ti T T T

1

>5

ii i i i i

K n!1 aD n

Figure 16: Effects of immune responses on uRBCs, iRBCs. merozoites and gametocytes
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(c) Merozoites

However, the immune responses are shown to have little or almost no effect on attacking liver 
stage malaria infection. This is because there is unnoticable change in number of uHLCs and 
iHLCs even after immune system being included the model as indicated in Fig. 17. It can be 
observed that despite of the big change in value of k\ (efficiency of antibodies to block invasion 
of hepatocytes by sporozoites) from 0.075/rfay to 0.9/day, but still the change on number of 
uHLCs and iHLCs is almost negligible. The case is the same to sporozoites injected and hepatic 
schizonts. These results suggest that at the liver stage is not a good target for intervetion using 
immune responses.
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Figure 17: Graphs of liver-stage dynamics showing effect of immune responses
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(a) Gametes

This finding supports the Langhorne et al. (2008)’s argument that the effect of antibodies to 
sporozoites is thought to be insignificant. However, it contradicts the argument of Prudencio 
ct al. (2011) that the exo-erythrocytic stage has greatest potential for intervention.

Furthermore, the immune responses has shown positive results on the sporogonic stages of 
malaria parasites as shown in Fig. 18. This implies that, the antibodies taken up by mosquito 
during the blood meal results on lysis of gametocytes and prevent the development of parasites 
within mosquito. Consequently, it can lead us to a population of non-infcctious mosquitoes, 
and reduce further mosquito-human malaria transmission.
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Figure 18: Effects of antibodies taken up by mosquito during the blood meal on gametes, oocysts and 
sporozoites
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Since the immune responses are mostly stimulated by infection and in most cases they last 
within a short period of time, we have assessed the impact of lifespan of immune cells on the 
elimination (reduction) of malaria infection. The results show that the lifespan varies inversely 
with number of infected RBCs, merozoites and gametocytes as depicted in Fig. 19b, 19c and 
19d respectively. On the other hand, from Fig. 19a we observed that the lifespan of immune 
cells has great influence on the number of uninfected RBCs. Il shows that the number of uRBCs 
increases with immune cells’ lifespan. Hence, using Fig. 19 we argue that introducing a long­
term immunity may significantly reduce the infection.
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In this work, we have formulated and analyzed a mathematical model for the in-human host 
and in-human dynamics of malaria parasite with effect of immune responses. In this model, 
we included the effect of immune responses to block invasion of sporozoites and merozoites on 
hepatic liver cells and red blood cells respectively. The effect of immune responses to inhibit 
the production of merozoites from both liver and blood cells was included. Additionally, the 
model includes terms for influence of immune responses on clearance of both parasites and 
infected cells. Finally, we include the term for antibodies on gametocytes picked-up during the 
blood meal. In all cases immune response are described using the nonlinear-bounded Michaelis- 

Menten-Monod function.

With reference to basic reproduction number, as expressed in equation (4.13) it is noted 
that 7S(j can be made less than or equal to unity by: decreasing the infection rate, fa of uRBCs 
by merozoites; increasing death rates of iRBCs, blood-schizonts and merozoites; increasing 
the rates at which iRBCs. blood-schizonts and merozoites are cleared by immune cells; and 
increasing the rate at which immune cells suppress the production of merozoites from blood­
schizonts. Therefore, any biological means that can be implemented to facilitate these may have 
impact on development of control strategies.

Figure 19: Effects of life span of immune responses on uRBCs, iRBCs, merozoites and gametocytes. 
Arrows arc in direction of increasing life span (l//tSa) of immune responses against blood 
stage infection
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A positive invariant region, where the model is epidemiologically (variables biological inter­
pretation meaningful) and mathematically (always a bounded solution exists) well-posed was
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4.5 Conclusion
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Our work serves an example on how mathematical models can be used to get insight of complex 
systems like malaria life cycle. In next chapter, we extend this model by incorporating the effect 
of anti-malaria drugs.

Numerical simulations guarantee the existence of MIE, which is GAS irrespective of the initial 
values do state variables have. Moreover, in comparison with the results of Sclemani ct al. 
(2016) presented in Chapter 3. our results revealed that including immunity has significant 
influence on lowering infection at blood and mosquito stages only. An increase on number of 
uninfected cells, and a decrease on number of infected cells and free parasite were noted. Also, 
antibodies picked-up by mosquito seems to have an effect on reducing the number of parasites 
within mosquito.

However, an insignificant effect of immunity on both cells (uninfected and infected) and para­
sites at liver stage infection was observed. This reveals that it is difficult to control liver infection 
with immune system. Furthermore, this model depicts that longevity of immunity reduces num­
ber of parasites and infected cells in erythrocytic infection. Meaning that, as lifespan of immune 
cells increases the infection decreases.

established. Using the next generation method, basic reproduction number 7£0I, of the model 
was computed. Also, existence and stability of two non-negative equilibrium points: malaria 
free equilibrium (MFE) and malaria infection equlibrium (MIE) were established. Furthermore, 
we proved that MFE is locally asymptotically stable if < 1 and globally asymptotically sta­
ble (GAS) if 7^oi < 1-

In addition, we noted that the impact of immune cells in suppressing the production of mero- 
zoites is higher than that of antibodies to block invasion of sporozoites and merozoites into liver 
and blood cells respectively. This is because none of k's, efficiency of antibodies to inhibit 
invasion appeared into the expression of T^oi. while one of the c'.s (cz), efficiency of immune 
cells to suppress production of merozoites does appear.

Based on the results, this study proposes that the immune system should be boosted so as to 
improve their ability to suppress parasite’s production in bloodstream. Also, causing lysis to 
gametocytes is of great importance in preventing parasite’ development in mosquito as it may 
lead us to a population of non-infectious mosquito. Hence, reduce mosquito-human infection.
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Abstract
One advantage of combination therapies (CTs) is to reduce the development of drug resistance, 
as pathogens may not be resistant to multiple drugs simultaneously. Therapeutic classification 
of antimalarial drugs depends on the stage in parasite’s life cycle they target. In this chapter, 
a mathematical model for the in-human host and in-mosquito dynamics of malaria parasite 
with the effect of immune responses and drug therapy is proposed and analyzed, in which 
four therapeutic classes of antimalarial drugs are incorporated. We establish the conditions for 
existence and stability of two equilibria: malaria free equilibrium and malaria infection equi­
librium. Although its components do not appear in the expression of reproduction number, 
tissue schizonticides manifest a remarkable effect on reducing the infection at each stage of 
malaria life cycle, while sporontocides ingested by a mosquito during its blood meal shows an 
effect on reducing the number of parasites within the mosquito. An artemisinin derivatives- 
primaquine combination therapy is proposed, as it contains components of all four classes of 
antimalarial drugs.

Modelling the in-human host and in-mosquito Dynamics of Malaria Parasite with Effect 
of Immune Response and Antimalarial Therapy 4

Despite numerous efforts taken worldwide to combat malaria, it is estimated that 3.2 billion 
people are still at risk of malaria and approximately 80% of deaths associated with malaria 
occur in Africa (WHO. 2015). Malaria is caused by Plasmodium parasite through a bite by an 
infected female Anopheles mosquito. More than a hundred species of Plasmodium parasites can 
infect vertebrate hosts, however, only four of them: Plasmodium falciparum, Plasmodium vivax, 
Plasmodium ovale and Plasmodium malariae can infect human (U. S. National Institute of 
Allergy and Infectious Diseases. 2007). All of these species develop through the same complex 
and multistage life cyle as illustrated in Fig. 20. Moreover, P.falciparum and P. vivax are the 
most common, and P.falciparum is the most dangerous species (Cravo et al., 2001; Tumwiine 
etui., 2007a; Li et a/., 2011).

4This chapter is based on the research paper: Mohamed A. Selemani, Livingstone S. Luboobi, Yaw Nkansah- 
Gyekye. Modelling the in-human host and in-mosquito Dynamics of Malaria Parasite with Effect of Immune 
Response and Antimalarial Therapy. Mathematical Biosciences(ln Review)

5.1 Introduction
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During its blood meal, an infected female mosquito injects sporozoites into bloodstream that 
quickly travel to the liver and initiate an exo-erythrocytic stage of parasite's life cycle by attack­
ing hepatocytes. Within hepatocytes, parasites replicate ascxually and develop into schizonts 
which eventually rupture and release merozoites into bloodstream marking the beginning of ery­
throcytic stage. Merozoites attack red blood cells (RBCs) and ascxually replicate within. Then, 
they develop into erythrocytic schizonts and burst to release a new generation of merozoites 
that initiate infection to other RBCs. For still unknown reasons, some of the merozoites (about 
1%) switch into sexual form of parasites called gametocytes (Kiszewski, 2010; Delves et al., 
2012). which are responsible for human-mosquito transmission. A sporogonic stage of para­
site’s life cycle begins when a parasite-free mosquito ingests the mature gametocytes, which are 
sexually dimorphic (microgametocytes and macrogametocytes) during its blood-meal. Ingested 
gametocytes generate male and female gametes within the mosquito, which then fuse and fur­
ther develop into oocysts. Then oocysts rupture and release sporozoites that migrate to salivary 
glands ready for new mosquito-human transmission.
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Antimalarial drugs therapy works better to an individual with background immunity (Mayxay 
et al., 2001), however the use of antimalarial drugs modulates the way immune responses work 
(Gurarie and McKenzie, 2006). The explicit interaction for antimalarial drugs and immune 
immune system is not adequately researched (Boni et al., 2008). Therefore, understanding 
the interaction between immune responses, drugs and malaria parasites suggests the use of 
mathematical models so as to get new insight on how to control and eradicate malaria. A 
number of mathematical models on intra host dynamics of plasinodium have been done (Gurarie 
and McKenzie, 2006; Chiyaka etal., 2008; Li etal., 2011; Selemani eta!., 2016), and references 
therein. Though most of them focus on effect of immune responses on dynamics of plasmodium 
(Gurarie and McKenzie, 2006; Tumwiine et al., 2008; Li et al., 2011; Selemani et al., 2017).

1 he pharmacotherapy is one among the top three interventions to control and eliminate malaria, 
along with the use of insecticide-treated mosquito nets and indoor residual spraying (WHO, 
2015). Efficaciousness of dmgs is a indispcnsiblc component of malaria prevention and elimi­
nation strategies as it reduces not only morbidity of the disease but also transmission (Feachcm 
and Sabot, 2008). Antimalarials are categorized according to their pharmacodynamics and the 
stage in parasite’s life cycle they target. A tissue schizonticide is an antimalarial drug that 
destroy sporozoites or hepatic schizonts to prevent erythrocytic invasion, while the blood sch­
izonticide is an antimalarial drug which act on the asexual erythrocytic forms of parasites such 
as schizonts and mcrozoites to terminate the clinical attacks. A drug that destroy gametocytes in 
the bloodstream and prevent human-mosquito transmission is termed as a gametocytocide. An 
antimalarial drug that inhibits sporogonic phase of malaria parasite within mosquito is called 
spomntocide. It either inhibits formation of ookinete (fusion of gametes) and oocysts or kills 
sporozoites within mosquito. (Bullock and Manias, 2013).

A combination therapy (CT) is treament in which two or more classes of drugs with different 
biochemical properties and independent mechanism of actions arc administered to a patient. 
Despite of increasingly drug resistance developed by parasites, the use of antimalarial CTs is 
reported to be more effective (Targett et al., 2001; Price and Douglas. 2009; Eziefula et al.. 
2014) as it reduces a likelihood of parasite to develop a drug resistance. However, this effec­
tiveness is associated to the species of plasmodium and the stage of its life cycle that is targeted. 
For example, almost all blood schizonticides including artemisinin derivatives also serve as ga- 
metocytocides for immature gametocytes of P.falciparum, and mature gametocytes for other 
three remaining species (White, 2008; Boni et al., 2008; Eziefula et al., 2014). Primaquine is 
the only existing gametocytocide for mature P.falciparum (Feachcm and Sabot, 2008: White, 
2013), which also serves as tissue schizonticide for all species of Plasmodium (Sirimulla, 2007). 
In addition, Primaque has a sporontocidal activity for all species with exceptional of P. falci­
parum (Kiszewski, 2010).
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5.2.1 Model Description
The model formulated in this study is based on an extension of the model developed by Sele- 
mani et al. (2017) by incorporating the effect of drug therapy. Here, we describe the interaction 
between hepatic liver cells (HLCs), red blood cells (RBCs), malaria parasites with immune 
responses and antimalarial drugs using a set of ordinary nonlinear differential equations. In 
this model, the following set of state variables are used: the uninfected hepatocytic liver cells 
(uHLCs), II; infected hepatocytic liver cells (iHLCs), Ih', hepatic schizonts, 7\; merozoites. M; 
uninfected red blood cells (uRBCs), /?; infected red blood cells (iRBCs), /r: erythrocytic sch­
izonts. Tr; gametocytes. Gi,; gametes. Gm; and oocysts, C. Others are sporozoites in mosquito’s 
salivary gland. Stll; sporozoites in human, Sh', immune cells against liver stage and blood stage 
infections , Z\ and Z-, respectively; and antibodies, B.

The early mathematical model that explicitly incorporate effect of both immunity and drug 
therapy was done by Chiyaka et al. (2008), where erythrocytic dynamics of plasmodium in 
relation to immune responses and antimalarial drug therapy was discussed. Apart from the 
exceptional work by Sclcmani et al. (2017) which incorporated the effect of immunity on the 
in-human host and in-mosquito dynamics of plasmodium, the rest of these studies were based 
on erythrocytic dynamics of parasites.

During its blood meal, an infected female mosquito injects sporozoites, Sh', into uninfected 
human host at a constant rate abv, where a is probability that a mosquito bite is infective to 
human, b is number of mosquito bites per individual, and v is number of sporozoites injected 
per bite. The sporozoites attack the uHLCs at the rate 0iShH/(l + k\B). A parameter 3\ is 
infection rate of sporozoites to uHLCs while k\ is efficiency of antibodies to block invasion 
of uHLCs. They die naturally at a rate pshSh or cleared by macrophages at a rate aahZ\Shl 
(7r.s/1 + Sh). The uHLCs arc recruited at a constant rate A/,, from the bone marrow stem cells, 
and die naturally at rate /i/j/Z, and also reduced at rate + k\B) due to infection by
sporozoites. A parameter aah represents a rate of successful removal of intra-human sporozoites

In this chapter, the work of Selemani et al. (2017) which describes the effect of immune re­
sponses in the in-human host and in-mosquito dynamics of plasmodium was extended, by in­
corporating effect of antimalarials therapy. Most of the currently used antimalarials target on 
the erythrocytic stages of plasmodium's life cycle, while the eradication of malaria requires new 
drugs that will target on various stages of the entire parasites life cycle (Delves et al., 2012). 
We. therefore, incorporate the effect of antimalarial CP that contains tissue schizonticidal. blood 
schizonticidal. gametocytocidal and sporontocidal activities.
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by macrophages and 7f5/i is a half saturation constant of intra-human sporozoites (i.e a number 
of Si, at which the rate of immune cells to clear sporozoites is halved).

The uRBCs are recruited at a constant rate Ar from the bone marrow. Their density is reduced by 
natural death at a rate and due to the infection by merozoites at a rate faRM/ll + k^B). 
The number of iRBCs increases at a rate [i2RM/(l + k?B) and decreases due to death at a 
rate fiirIr and due to progression to erythrocytic schizonts at a rate The immune cells 
phagocytize the iRBCs at a rate o,rZArl^ir + A). while blood schizonticide destroys iRBCs 
at a rate 7g Zr. A parameter o,r is rate of successful removal of iRBCs by immune cells and 7Tjr 
is a half saturation constant of iRBCs.

Due to infection of uHLCs by sporozoites, the number of the iHLCs increases at a rate
(1 ~ n )(/*! -S7|7Z)/(1 4- A.-j B), where rt is the drug (tissue schizonticide) efficacy on inhibiting 
sporozoites to attack hepatocytes. 1 he iHLCs die at a rate /in. If, or progress to hepatic schizonts 
at a rate Immune cells and antimalarial drugs clear the iHLCs at the rates aihZxIhl

+ //J and r->Ih respectively, nih is rate of successful removal of iHLCs by immune cells 
and jth, is a half saturation constant of Ih. The hepatic schizonts die naturally at a rate iith'Jh 
or rupture to release merozoites at a rate d'/A. They also cleared by immune cells at a rate 
athZ\Th/(nth + 7/i), or destroyed by antimalarial drug (tissue schizonticide) at a rate t27/(. A 
parameter an, represent a rate of successful removal of hepatic schizonts by immune cells and 
ah, is a half saturation constant of hepatic schizonts. While t2 is efficacy of tissue schizonticide 
on destroying iHLCs or hepatic schizonts.

The erythrocytic schizonts die at rate HtrTr and rupture at rate d2Tr and release new 1'2 mero­
zoites which starts a series of repetitive cycles to infect other uRBCs. A proportion p, of 
these daughter merozoites proceeds with asexual replication cycle at a rate (1 -
(1 + C2Z2). A parameter c2 is efficiency of immune cells to suppress the production of inlra- 
erythrocytic merozoites or gametocytes, while 74 is efficacy of drug (blood schizonticide) to 
suppress merozoites’ production from erythrocytic schizonts. The erythrocytic schizonts are

Hepatic schizonts release merozoites at a rate (1 - r3)(r1d’]7}l)/(l + C\Z}), where ci and r3 
are respectively die efficiency of immune cells and efficacy of tissue schizonticide to inhibit 
(suppress) merozoites’ production from hepatic schizonts. Merozoites invade uRBCs at a rate 
faRM/(l + A:2B) and they die naturally at a rate /i,uA7. A parameter /Az is infection rate of 
uRBCs by merozoites and k2 is efficiency of antibodies to prevent and reduce the infection of 
uRBCs by merozoites. They are killed by immune cells at a rate OmZj.M+ A-/) or by 
antimalarial drug (blood schizonticides) at a rate 75A/, where crm is rate of successful removal 
of merozoites by immune cells, 7r,„ is a half saturation constant of merozoites and 75 is efficacy 
of a drug to clear free merozoites.



(ii) All gametocytes are cleared after taking gametocyticidal drug regardless of age.
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cleared by immune cells and drugs (blood schizonticide) at the rates <ztrZ27’r/(7rfr + Tr) and 
"6 I r respectively. A parameter <T(r represents a rate of successful removal of erythrocytic sch­
izonts by immune cells, while a 7rfr is a half saturation constant of erythrocytic schizonts, and a 
7(5 is efficacy of drug to destroy iRBCs or erythrocytic schizonts.

5.2.2 Model Assumptions
In the development of this model, besides the assumptions used in Chapter 4, we assume the 
following:

(i) Anti malarial drugs ingested with gametocytes during the blood meal prevent the fusion 
of gametocytes (macro- and micro-gametes) and other developmental stages of parasites 
within mosquito.

The proportion 1 - p. of newly released merozoites differentiate into gametocytes. The number 
of gametocytes increases at a rate (1 - t7)(1 - p)(r2527’r)/(l + c2Z2), where r7 is efficacy of a 
drug (gainetocytocide) to suppress gametocytes’ production. They decrease by natural death at 
a rate PybGb, for being ingested by mosquito at a rate qwGb and being cleared by immune cells 
at a rate a^Z-tGu/+ Gi,). They are also cleared by antimalarial drug (gametocytocides) at 
a rate t^Gi,. A parameter a;ii, is the rate of successful removal of gametocytes by immune cells, 
while a ttw/, is the half saturation constant of gametocytes and a r8 is efficacy of drug to clear 
gametocytes.

The gametes in mosquitoes are recruited at a rate (1 - r$)(pq;JjGb)/(l+k:\B). where p is number 
of bites a mosquito can make during its lifetime, lu is number of gametocytes ingested per bite 
and q is probability that a mosquito bite is infective to mosquito. A parameter fc3 is efficiency 
of antibodies picked up by mosquito during its blood meal to mediate lysis of gametocytes and 
inhibit parasite’s growth in mosquito (Langhorne et al.. 2008) and Tn is efficacy of antimalarial 
drug (sporonticide) sucked with gametocytes to inhibit a formation of oocysts and sporozoites 
within the mosquito by suppressing a fusion of gametes. The gametes die naturally at rate 
PgniGm and progress to oocysts at a rate, tv3Gm. The oocysts rupture to release sporozoites at a 
rate, and die at a rate pcC. The released sporozoites, Sm migrate to salivary glands where 
they either naturally die at a rate psmSm or injected into a new host at rate abv. The variables 
used in this model have been represented and described in previous chapter (See Table 6).



Tabic 10 : Additional parameters (to those used in Chapter 4) and their descriptions

Parameter
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a'.lb

(.-■li

(yh

n.-h

Description
rate al which gametocytes arc cleared by immune cells 
proliferation rale of immune cells due to contact with sporozoites 
proliferation rate of immune cells due to contact with infected HLCs 
proliferation rate of immune cells due to contact with liver schizonts 
proliferation rate of immune cells due to contact with merozoites 
proliferation rate of immune cells due to contact with infected RBCs 
proliferation rate of immune cells due to contact with blood schizonts 
proliferation rate of immune cells due to contact with gametocytes 
half saturation constant of sporozoites 
half saturation constant of infected HLCs 
half saturation constant of liver schizonts 
half saturation constant of merozoites 
half saturation constant of infected RBCs 
half saturation constant of blood schizonts 
half saturation constant of gametocytes
maximum rate of increase of antibodies due to presence of sporozoites 
maximum rate of increase of antibodies due to presence of merozoites 
efficacy of a drug to inhibit sporozoites from infecting hepatocytes 
efficacy of a drug to destroy infected HLCs or hepatic schizonts
efficacy of a drug to suppress the merozoites' production from hepatic schizonts 
efficacy of a drug to suppress the merozoites' production from erythrocytic schizonts 
efficacy of a drug to destroy merozoites
efficacy of a drug to destroy infected RBCs or erythrocytic schizonts 
efficacy of a drug to suppress gametocytes’ production 
efficacy of a drag to clear the gametocytes
efficacy of a drag to inhibit parasites’ development (fertilization) within the mosquito
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5.2.3 Compartmental diagram

Based on the dynamics described in Section 5.2.1 and the assumptions described in Section 
5.2.2. the proposed model for the in-human host and in-mosquito dynamics of entire life cycle 
of malaria parasites with the effect of immune responses and drug therapy is shown in Fig. 
21. The additional parameters, used formulation of this model arc described in Table Table 10 
respectively.
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Figure 21: Compartmental model diagram for the in-human host and in-mosquito dynamics of malaria 
parasites with immune responses and drug therapy
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5.3.1 Wellposedness of the model
In this section, the wellposedness of the model is determined by investigating the existence 
and feasibility of its solution. That is, to test whether a bounded and biologically meaningful 
solution exists at anytime.
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5.2.4 Model Equations
Basing on the compartmental diagram illustrated in Fig. 21, thus the in-human host and in- 
inosquito dynamics for the entire life cycle of malaria parasite with immune responses and drug 
therapy is governed by the following system of ordinary differential equations:
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The model system (5.1a)-(5.lo) can be expressed in the compact form (Mpeshc et al., 2014b; 
Selemani et al., 2016)
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. Clearly C(x) is Metzler matrix since all its off diagonal elements are non negative, for all 
x e R^’ and F > 0. Therefore, the system (5. la)-(5.Io) is positively invariant in R^, implying
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<7s,,Zi (r/i^l t-th^l
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C26 = ----- “T7 >7Tm + A/
c23 = —” 2, ,C24 — 

7T/r “T

c10 — tl2 + Mir + 76 +
Zl ir • 1r
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When there is no malaria infection.

From equations (5.1a), (5.le), (5.Im) and (5.In), we respectively obtain

Thus the MFE is

E02 =

100

A/,
Uh

is the positively invariant set for the model. Thus, the model (5.1 a)-(5.1 o) is epidemilogically 
and mathematically wcllposcd in the region T>.

F-a be the rate of appearance of new infection in compartment i,
be the rate of transfer of individuals into compartment i by all other means, 

V2i he the rate of transfer of individuals out of compartment i by all other means and

that any trajectory of the system initiated in R*5 will always remains there, and F is Lipschitz 
continuous. Hence, a maximal (unique) solution exists and so

Ar 
Mr'

Ala 

llZ-2

_ rl)2 
*r— 1h

7?112//(>2

= 7’r02

and Z22

—, 0,0. —. 0,0.0,0,0,0,0, —, —, 0 
llh P-r llZi

rl)2

^02 _ A;,

Mil

5.3.2 Malaria Free Equilibrium (MEF)
Let E02 = G^C°\S^,^,Z^Z^Bm) be the
malaria free equilibrium of the system (5.1a)-(5.1o). We obtained equilibrium points of the 
system by setting right hand side of model equations equal to zero and solve for variables.

= A/02 = G"2 = G?2 = C02

■D = M,BJr,Tr,Gb.Gm.C,Sm,Sh,Zx,Z2.B) > 0 e Rj5}

= S"2 = S”2 = Z?02 = 0

5.3.3 Effective Reproduction Number, 7£(:
Guardiola and Vecchio (2005) defined intra-host reproduction number as a number of newly 
infected cells that single infected cell can produce during its infectious period. An effective re­
production number for the model (5.1a)-(5.1o) was computed using the next generation matrix 
method introduced by Van den Driessche and Watmough (2002). In this approach a reproduc­
tion number, 7£c, is given by the spectral radius p(F2V2l), of next generation matrix F2I^-1. 
where F2 = (E02) is called a transmission matrix and V2 = -^^(E02) *s ca^ed a transi­

tion matrix.



V2, = V2l’ - V2i. Hence, we have

0

•F2,= (5.3)

0
0\ /

and

\
Ih

<)1 + /<l/i + T2 +

+ l‘m + T-, M - Th - Tr+
lr

Va; —

Tr+ ll!jb + TH +

4- ) Stl - ubv+
\
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fall 
1 + k | H

<$2 4" /Itr 4" Tg 4" 

(?<lbZ2

/ 
(5.4)

OihZ\

1 + Tiihlh

Th ~ ttllh

jTr- U2lr 
(1 - r7)(l - p)r2rf2

1 4- c2Z2

(1 - T4)pr262
1 4- c.2Z2

<»i 4- /i.h 4- t2 4-

OlhZ\

1 4- TuhTh. 
(1 - 73)?-^!

1 4" ('iZ[ 
OirZ2 \

«2 + P-ir + 7(J 4-

<hrZ2 

1 4- 1<tr1 r f-

0 
iWi

0

faR
1 T k>B

ff>nZ2

1 + 7TmM

"t" P<jm)G!m 

(<5.j 4- pr)C — a^Gm 

^(11^ 4" Psin)^.ini 13^G
OshZ\

1 + ^hSh

^(1 - 71)

0

14- k^D 
0



From matrices in (5.3) and (5.4) we obtain

Zo 00 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

r2 = (5.5)

/

and

0ui

7’2

7’6

1’7
V'2 = (5.6)

”10

•Uli

J’u/

, 1’3 = (1 - 73)

+ /*sh

(5.7)
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7’11 = ^3 + /'c,

77j/i A.j

/7=1

+ Um + 75, v5 = (1 - T4)

0 0 0 

0 0 0

(1 - Tg)pr/W 0 0 0 

0 0 0 

0 0 0 

0 0 0

, Vg = qu) + figb + +

A/t aahX 
7’14 = Pl— + 

Ph

(1 -T.JA—\ 
Ph

X 
respectively, where

I u2'l22

n ^x^-P^Pz, 
, v8 = (1 - t7)-------- --—-—



0 0 0 0 0 () 0

0 0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 00 0 0 0 0
(5.8)

0 0 0 0 0 0

0 00 0 0

0() 0 0 0 0 0

() 0 0() () 0

0 00 0 0 0

(5.9)

» ^5 —, /i3 =

(5.10), ^8 =

W-/A|=o
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The effective reproduction number, 7£c, is the dominant eigenvalue of F2V2 *• From (5.9), the 

only nonzero eigenvalue is
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The eigenvalues of next generation matrix, F2V2-1 are obtained from

\
Hence, from (5.5) and (5.8), we have

Using equation (5.6), we obtained the inverse, V£"’, of V2 given by 

/ 1

Z*i A/, _ /j2tti u3A,.
*>14/4/! ’ ‘ 1 V^>2V\Hr 

fav&Ar A _ pqu}VSa2 
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*'V
*>8
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Therefore, the dominant eigenvalue is

Hence, the effective reproduction number, Tl{. is given by

(5.11)

1'6, and t'7 given in equation (5.7) into equation

(1 - T.t)pr2J2■R., =

>>.3

■R. =

represents the probability that a merozoite introduced into an

is the proportion ofkilled by immune cells or destroyed by drug):

infected RBCs that progress to schizonts before dying (natural death, killed by immune cells

represents an average time a schizont spendsor antimalarial drugs):

before it burst, cleared by immune cells or destroyed by antimalarial drugs; and

(1 - u)pr-^2 is number of merozoites produced by a schizont when it bursts.
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cells that light against blood stage malaria at malaria-free equilibrium. The terms in equation 
(5.12) can defined as follows:

1 [(1 • r-pprafr 
<'’2 + l‘tr + r(; + (TtrZu _

_______ f>2________
«2 + Mir + Tf, + ffirZfl

__________«2__________

«2 + Mir + + (T,r’O.

’_____________1____________

d-2 + Ptr + Tfi + CTtr’O.

completely susceptible RBC population will infect a RBC before it dies (either naturally, or

______ 1_________
>>2 + Mfr + Tfi + fftr

’’71l6<’4/<r

_ .^2Art'5O2 

t-W-lMr

1 + C2=O
(5.12)

where r0 = — and c() = — respectively represent the values of uninfected RBCs and 
immune

_________«2________
f»2 ’I' Mir + To -I- ffir~ /J:2 J

After substitution expressions of r.t, 
(5.11) we obtain 

____ “ /*> 

' £ l>.______ "‘/■-.•J

which can be simplified to

1‘ M»l I "Tf,

___________&Hl_________

/bro + -I- lt,„ + T/i

A, . A
Hr Ps-2



=

where

ll-> = + Pili + 72 + (Tih——• u-.i = rt'i + llth + T2 + f^th —

i'i\p =i

*2
*<23 —(nb------■ «24 — 'll

Jl(^°2) =
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5.3.4 Local and Global Stability of MFE
At malaria-free equilibrium, E02, the Jacobian matrix of the system (5.1a)-(5.lo) is given by 

’ -/*h on---

l) “2 0

0 nt -U;t

0 I) “I

() 0 0

() (.) 0

0 0 0

I) 0 0

() () 0

0 I) 0

() I) 0

0 () 0

0 “17 “IK

I) I) 0

0 0 0

A*, . A.,
/<31 /<3|

. U-> = A— + <7,n— +//,„ +r5l l/(i = (1 T.j)
//=1 + c> .\=I //.,. pS3

A z-i - A.,
~ Pir + <>2 + 7’6 + (7,r----- . U9 = + Ptr + Tfi + Otr—

Pz-2 P»i

. II!! = qw + pgl, + r8 + (T;lb—, U12 = (1 - Tij)pqjJ,
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«13 =C13 4- fl,tin, ll\4 = Al + /*ci *<15 — HI/ + /<■«“• **16 — Pl---- + axh--------Mk/it

Ph Ph
A.j A2l A;, A-.j __ Asa _ A j

*<17 = Gh--- -.<*18 = <l/i------- • '**19 — G/i------ T ll20 — Cm------t **2l — Qr------, **22 — Qr t
/*C1 Pz\ Pzi Pz2 P~2 P~-i
^~2 A21 Aj2

*<23 —Cgb------• «24 = 'll------------t *<25 = */2---------- (3.1.5)
/<C2 ^nhPz\ ‘hnPz?

Local stability of a MFE, E02, is examined by using the signs of real part of eigenvalues of the 
Jacobian matrix of the system evaluated at E02. The Jacobian matrix of the system (5. la)-(5. Io) 
at the MFE is denoted by J(E02). The MFE is locally assympotically stable if and only if all 
eigenvalues of ./(E02) have negative real parts. Evidently,-/th, -pr, -Uis, ~Pzi an^ 
— pb are negative eigenvalues of J(Ea2). The other remaining eigenvalues are obtained from a 
9x9 submatrix, JJE02), given by

«4 =(1 7-;$)

72 A<- 

«7 — P‘2-----> 1
Pr

JI - P)r2^2Pz2 
**10 =(1 - r7)———- -----

:a + C2A-2

«14 = Al + /<.



.h(Ea2) =

./3(A’02) =

./•i(E”2) =

(5.14)
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Signs for other remaining six eigenvalues are investigated using the trace-determinant tech­
nique. If the traceof J.i(jE°2) is strictly negative and determinat of J^E?2) is strictly positive, 
then all eigenvalues of J^E02) have negative real parts. Using MAPLE 12 we obtained the 
following results:
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Clearly, it is observed from eighth column of ^(E02) that -u14 is another negative eigenvalue.
Further reduction on .^(E02). gives us an 8 x 8 submatrix given by

where another eigenvalue -ul3 is obtained. A reduction of J2(EU2) leads us to a 7 x 7 
submatrix given

From sixth column of ./;{(Eni) we obtained another negative eigenvalue which is -tin, and a 
new submatrix obtained after reduction is



and

rfcf(.7_|(£02)) = (U2»:<Ul6)(t<5«KU9 ~ «2«6«7) > 0 (5.15)

Equation (5.15) holds only if

(5.16)

in

R' < I (5.17)

(5.18)

(5.19)

and
0

(5.20)>li (x) =

-/'«>/

107

Theorem 5.7
The malaria-free equilibrium, E02, of the model (5.1a)-(5.lo), is locally asymptotically stable 
only if 1Z, < 1 and unstable otherwise.

0
0

0
0
0

To establish the global stability of the of MFE, we employed the Metzler matrix theory as 
described in Castillo-Chavez el al. (2002), Mpeshc etal. (2014b) and Selcmani el al. (2016). In 
this approach we re-write the model (5.1 a)-(5.Io) in the form

where Xn is the vector of non-transmitting classes and X,- is the vector of transmitting classes.
For our model, we have

0

/ZT

0
0
0

0
0
0
0

(1 - 74)pr24'2
I ■ r A.- 

'2

Therefore, all eigenvalues of J(E02) have negative real parts only if 72,. < 1. Consequently, 
MFE is locally asymptotically stable only if 72r < 1. Hence, we deduce the following theorem.

0
0

'mi Ci Smi Sh)Xn = (H, R, Z1: Z2,B) and a; = (Ih, Th, M, Ir, Tr, Gb, G, 
A/t Ar Aj| 
llh Ik /fsi

0 
llZ2

___________«2__________

<»2 + /hr + f6 +
1

4'2 + /hr + TC +

«2«6«7 < j

«'.«««<)

since all u'x given in equation (5.13) are positive.
Substituting the values of w5. i/(;, u7, i/x, and u<i as given in equation (5.13) into equation 
(5.16). we obtain

+”■■■%+

which implies that

0
0
010

= /l,(x)(X„ - Xp»,„) + /l12(x)X.



(5.21)

where

lihZ\ 1 sh Zjf/2 —</| = , d3 = i rf’> =

</- = , <l\o =

(5.22)

and

\0
—m-.i

wn

-u-’s)Ajfa) = (5.23)

-W13

-W14

-U'16

-,l,l8/W17

where

GthZ\.&il>Z]
. W2 = (1 - Tl)U'l —Qi + uni + "2 +

/•]d] +

W12 = (1 - 79)

(5.24)4" P'sh+^’18 =

= /li(x)(Xn - Xff»tn) + Ai2(x)Xe
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It can easily be observed from (5.20) that, all eigenvalues of /li are real and negative.

So, the system
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Lemma 5.3

Let A/ be a square Metzler matrix written in block form M = with A/n and

/ \0-U'i

-W3

From equation (5.23) we have A/ = A2 and A/n = -w5
-w8

-'1’9 /Q2\
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() / \ /\
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Hence \/ 000-mu
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-Wi8W17 /\
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is globally asymptotically stable at Em. It can be observed from (5.23) and (5.24) that all off 
diagonal elements of ?12 are non-ncgativc. Therefore, A2 is a Metzler matrix. To establish the 
global asymptotic stability of MFE, we have to show that /12 is Metzler stable matrix (all its 
diagonal elements arc negative) by proving the following lemma as described in Dumont et al. 
(2008) and Kamgang and Sallet (2008).
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>0 (5.25)

(5.26)

, Wg — (io + /Or + Tg + (5.27)Wx —0'2 + /Or + 7fi +

Now substituting equation (5.27) in equation (5.26), wc obtain

(5.28)< 1

equivalently
(5.29)11, < 1

which leads us to the following theorem.

only if 7£c > 1.
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Theorem 5.8
A MFE. E02 of the model (5. Ia)-(5.1o) is globally asymptotically stable in V if He < 1 and 
unstable if 7Z, > 1

5.3.5 Existence and Stability of Malaria Infection Equilibrium
Theorem 5.8 suggests the existence of malaria-infection equilibrium (MIE), E2, given by

Owing to the complexity of the model system (5.1a)-(5.lo). it found to be difficult to express 
MIE explicitly. Therefore, the existence and stability are established numerically in the next 
section.

Ms

l^z 
Gir^z

/^

<7r»As 
------ , w6 =

When the expressions tor wjj. wg, w2, ivs and in( given in equation (5.24) are evaluated at 
MFE. obtain the following expressions

(/*m + + ““ +

(1 T.l)pi-J^pr /^A, 
____________ 2 Pt+fgA. pr__________________________

(Q2 + //,p + 7fc + + /Or + Tg +

/^A,- +
/G-

<t'r, -/i,„

a2W6W7 1
W5IW8W9

(1 - T.i)pr262iiz /32Ar 
-----—7------ > lt’7 =--------  

lLr

Clearly. A/,, is Metzler stable matrix. But, Mu - A/21 A/-' M„ is Metzler stable matrix only if

«lft2WioW7U.i4W2 
WiW3(u?5w8it\) - a2»JR^’7) ~

It is observed that equation (5.25) holds only when



Table 11 initial values of variables of the model (5. la)-(5. Io)

.W HII C II

2 000 50 00003 000 1 000 0
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One of the demanding work in the study of in vivo models is estimation of parameter values 
(Chiyaka et al., 2008). The values of parameters used in simulations of this model are presented 
in Table 12. Most of these values are taken from some of related works among the existing 
literature, while some values are assumed.

5.4 Numerical Simulations and Discussions

In this section, we performed numerical simulations of the model (5.1a)-(5.lo) to investigate 
the dynamics of model using MATLAB symbolic package. In the simulation of this model, 
initial values are assummed to allow computer executions, and their values are as listed in Table 
11

Th
o

lr

0

7r

I (X)()

G'k

3 000 2 000

Zi

10

•S’m

2 000 10

h.
0

Gm

I 500

[variable
1 Initial values

The reason as to why some parameters values arc assumed is that, mathematical modelling on 
the entire life cycle of plasmodium is just on start up or the values found on existing literatures 
are not suitable for this model. However, the accuracy of parameter values is not of the great 
importance, rather their impact on reproduction number, a key parameter that gives clues on 
how and where to target to eradicate or control infection (Chiyaka el al., 2008).



Table 12 Parameters estimates for the model (5.1a)-(5.1o)

<ri :

Ph =

ria =

>2 ■

'/ ■

P :

Ar
I'r

Pir

’’3

«3

P*h

P
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Pqm

Pe

P»m

1/:

Ji ■

(i :

b:

0.09
10

(Selemani etal., 2016) 
(Selemani er a/., 2016) 
(Selemani era/., 2016) 
(Selemani era/., 2016) 
(Selemani etal., 2016) 
(Selemani era/., 2016) 
(Selemani etal., 2016) 
(Selemani er al., 2016)

(Selemani etal., 2016)
(Dube er a/., 2010)

(Agusto et al., 2012)
(Selemani etal., 2016)

(Selemani etal., 2016)
(Li et al., 2011)
(Dube etal., 2010)
(Diebner et al., 2000)
(Selemani etal., 2016)
(Li er al., 2011)
(Selemani etal., 2016)
(Selemani er al., 2016) 
(Nelson and Williams, 2014) 
(Selemani er al., 2016)
(Selemani er al., 2016) 
(Selemani et al., 2016)
(Selemani er al., 2016) 
(Selemani er al., 2016)

Pgb

<^3

Ptr

Pm

A/, :

0.1-15 d-1
16

0.926
30 epl~ld

Ihh :

Pth :

th :
d'2 •

0.125 day 1 
0.097 5 dair' 
3 000 cyl ld 1 
0.91 day~l 
0.95 day 1 
0.029 da?/-1 
2x 10-6 pic ‘d ‘
0.115 d-1

Value
0.75
15day“l
10 - 20
0.001 p/c-’d-1
10 000

References

(Laxminarayan, 2004)
(Selemani era/., 2016)
(Nelson and Williams, 2014)
(Selemani et al., 2016)
(Tumwiine er a/., 2014)

(Selemani et al., 2016)
(Selemani er al., 2017)
(Chiyaka er al., 2008)
(Selemani er al., 2017)
(Chiyaka et al., 2008)

Continued on next page

3
41 500 c/r/ ’d 1 
0.02 d-1 
0.025 d"1 
0.185
48 d-1
6.25 x 10-5d-1
0.05 day 1 
10 00 
0.07 d-1 
0.052 d-1
0.02-1 d-1 
40 d-1
1.2 x IO'11 d-1

■Vi 

A 22 

/'-, 
PZ2

Par Description
probability (hat a bite infects human 
number of mosquito bites per individual 
number of sporozoites injected per bite 
infection rate of HLCs by sporozoites 
number of merozoites per liver schizont 
progression rate of infected l-ICLs 
to schizonts 
rupture rate of liver schizonts 
the recruitmet rate of HLCs 
natural death rate of uninfected HLCs 
death rate of infected HLCs 
death rate of liver-schizonts 
infection rate of RBCs by merozoites 
rupture rate of blood schizonts 
progression rate of infected RBCs 
to schizonts 
number of merozoites per blood schizont 
probability that a bite is infectious 
to mosquito 
number of gametocytes ingested per bite 
number of bites made by mosquito 
in its lifetime 
the recruitmet rate of RBCs 
death rate of uninfected RBCs 
total death rate of uninfected RBCs 
death rate of blood-schizonts 
death rate of merozoites 
death rate of gametocytes 
rupture rate of Oocysts 
number of sporozoites per Oocyst 
progresion rate of gametes to Oocysts 
death rate of gametes 
death rate of Oocysts 
death rate of sporozoites in mosqouito 
death rate of sporozoites in human liver 
proportion of asexual that differentiate 
to merozoites 
the recruitmet rate of immune cells in the liver 
the recruitmet rate of immune cells in the blood 30 c/i/-1d-1 

death rate of immune cells 1.5
death rate of immune cells 1.53



10 -s (Selemani era/., 2017)
C2 :

3 x IO"5 (Selemani et a/., 2017)
A-i :

0.035 (Selemani etal., 2017)
A-,:

0.001 a (Selemani era/., 2017)
A'h :

0.03 (Selemani etui., 2017)

9 x 1()-,J (Selemani etal., 2017)

(Selemani etal., 2017)

(Selemani etal., 2017)

(□««/., 2011)
ff,r :

(Li el al., 2011)
fftr :

(Selemani etal., 2017)
^7/1 •

1 x IO"8 (Austin et al., 1998)

f*h :

(Selemani etal., 2017)

4.6 x IO-5 (Selemani etal., 2017)

(th :

4.63 x IO"5 (Selemani et al., 2017)

t,n :
4.69 x IO"5 (Li et al., 2011)

Gr :
(Li et al., 2011)

(Selemani et al., 2017)

nah •'
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liih :

ci :

(Selemani et al., 2017)
(Selemani et al., 2017)
(Selemani et al., 2017)
(Selemani et al., 2017)

Continued on next page

References
(Chiyaka et al., 2008)

Table 12 — Continued from previous page 

Value 
04

1 x IO"8

1 x 10“8

2.5 x 10~5
2 000
2 000
2 000

Par Description
deterioration rate of antibodies 
efficiency of immune cells to suppress 
the production of Af from liver-schizonts 
efficiency of immune cells to suppress 
the production of A/ from blood-schizonts 
efficiency of immune cells to inhibit invasion 
of HLCs by sporozoites
efficiency of immune cells to inhibit invasion 
of RBCs by merozoites
efficiency of immune cells to mediate 
lysis of gametocytes and inhibit fertilization 
rate at which sporozoites are cleared 
by immune cells 
rate at which infected HLCs are cleared 
by immune cells 
rate at which liver schizonts are cleared 
by immune cells 
rate at which merozoites are cleared 
by immune cells 
rate at which infected RBCs are cleared 
by immune cells 
rate at which blood schizonts are cleared 
by immune cells 
rate at which gametocytes are cleared 
by immune cells 
proliferation rate of immune cells 
due to contact with sporozoites 
proliferation rate of immune cells 
due to contact with infected HLCs 
proliferation rate of immune cells 
due to contact with liver schizonts 
proliferation rate of immune cells 
due to contact with merozoites 
proliferation rate of immune cells 
due to contact with infected RBCs 
proliferation rate of immune cells 
due to contact with blood schizonts 
proliferation rate of immune cells 
due to contact with gametocytes 
saturation constant of sporozoites 
saturation constant of infected HLCs 
saturation constant of liver schizonts

2.5 x IO"5

2.5 x 10“5

5 x IO"5

9 x 1()-'J

1 x !()-“

1 x 10-8



Mr

1 x 10“’ (Selemani et al., 2017)
’H ■

1 x 10-1 (Selemani er«/., 2017)
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(a) Exo-crythrocytic cycle (b) Erythrocytic cycle
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Sporcuorte* in human
------ Uninfected HLCi
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---- Over i ch fronts

0L 
0

0^ 
0

References
(Chiyalca et al., 2008)
(Chiyaka er al., 2008)
(Selemani et al., 2017)

Table 12 - Continued from previous page 
Value
1 500
2 (MM) 
2 000

»M20 (■ 

u 
u

SISK
2 
B
S 1Q» 
0.

We have done numerical simulations to establish the existence of malaria infection equilibrium 
(MIE) as stated in previous section. It is observed from Fig. 22a , Fig. 22b, Fig. 22c and 
Fig. 22d that each variable varies with time and reaches a constant value (i.e., a value at MIE). 
Therefore. Fig. 22 confirms that malaria-infection equilibrium, Ej for the model (5.1a) -(5.Io) 
exists. Now, let us deduce the stability of Ej.

Par Description
saturation constant of merozoites 
saturation constant of infected RBCs 
saturation constant of blood schizonts 
maximum rate of increase of antibodies 
due to presence of sporozoites 
maximum rate of increase of antibodies 
due to presence of merozoites

40 50 W
Tlmc(djyi)

40 50 60
Tnnc[days]
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Figure 22: Time variation of variables to verify the existence of malaria infection equilibrium
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Using some chosen initial values, we observe that each of state variables converges to a certain 
steady value (a value at MIE) (See Fig. 23). Therefore, we conclude that, malaria infection 

equilibrium, 7?2 *s mosl lively to be globally asymptotically stable.
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Figure 23: Numerical simulation to show global stability of MIE of the model (5. la)-(5. Io)
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This model indicates best results compared to those of a basic model (Selemani etal., 2016) and 
a model with effect of immune response (Selemani el al., 2017) in reducing the malaria infec­
tion at erythrocytic and sporogonic stages as depicted in Fig. 24. Fig. 24a and Fig. 24b illustrate 
the remarkable impact of drug therapy on increasing the number of uninfected RBCs and de­
creasing the number infected RBCs respectively. Fig. 24c and Fig. 24d respectively portrayed 
that the use of drug therapy causes the a significant decrease on the number of merozoites and 
gametocytes while Fig. 24e and Fig. 24f indicate the effect of the drug on reducing the num­
ber of gametes and oocysts, which consequently reduce number of sporozoites in mosquito’s 
salivary gland.
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Figure 24: Effects of immune responses and antimalarial therapy on uninfected RBCs, infected RBCs, 
merozoites, gametocytes, gametes and oocysts
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(f) Oocysts

The exclusion of tissue schizonticidal components from the model evidently indicates that the 
infection is higher compared to when all drugs components were included. The number of 
infected RBCs and parasites (merozoites and gametocytes) increased and number of uninfected 
RBCs decreased markedly after exclusion of tissue schizonticides as indicated in Fig. 25. Also, 
the number of gametes, oocysts and sporozoites in mosquitos’ salivary gland increase as it has 
been depicted in Fig. 26. This suggests that the tissue schizonticides has high influence in 
lowering the infection, and the liver stage is one of the best targets for controlling malaria using 
the chemotherapy, especially that the currently existing drugs target mainly the blood stage of 
malaria.
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gametes and oocysts
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Moreover, the effect of combined therapy of blood schizonticides with each of other two com­
ponents (tissue schizonticides and gametocytocides) on reducing the number gametocytes and 
gametes were investigated. The results indicate that a blood schizonticide-tissue schizonticide 
CT is more effective in prevention of malaria as it reduces the number of gametocytes and ga­
metes. compared to blood schizonticide-gametocytocide CT as illustrated in Fig. 27. That is to 
say that, the use tissue schizonticides to prevent initial erythrocytic infection is better than the 
use of blood schizonticides to treat and/or suppression the clinical attacks and symptoms.

Figure 27: Comparison on the effects of bloixi schizonticidc-gamctocytocidc and blood schizonticidc- 
tissuc schizonticide CTs on gametocytes and gametes
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In addition to that, the effect of blood schizonticides and its combination with tissue schizon­
ticides on reducing number of merozoites and infected RBCs were compared, and the latter 
showed the better results as Fig. 28 depicts. That is, elimination of hepatic schizonts and 
suppression of merozoites from the liver is more efficient in reducing erythrocytic infection.
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Figure 27: Comparison on the effects of blood schizonticide-gamctocytocidc and blood schizonticidc- 
tissue schizonticidc CTs on gametocytes and gametes
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Moreover, the effect of combined therapy of blood schizonticides with each of other two com­
ponents (tissue schizonticides and gametocytocides) on reducing the number gametocytes and 
gametes were investigated. The results indicate that a blood schizonticide-tissuc schizonticidc 
CT is more effective in prevention of malaria as it reduces the number of gametocytes and ga­
metes. compared to blood schizonticide-gametocytocide CT as illustrated in Fig. 27. That is to 
say that, the use tissue schizonticides to prevent initial eiythrocytic infection is better than the 
use of blood schizonticides to treat and/or suppression the clinical attacks and symptoms.
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In addition to that, the effect of blood schizonticides and its combination with tissue schizon­
ticides on reducing number of merozoites and infected RBCs were compared, and the latter 
showed the better results as Fig. 28 depicts. That is, elimination of hepatic schizonts and 
suppression of merozoites from the liver is more efficient in reducing erythrocytic infection.
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In addition to that, the effect of blood schizonticides and its combination with tissue schizon- 
ticidcs on reducing number of merozoites and infected RBCs were compared, and the latter 
showed the belter results as Fig. 28 depicts. That is. elimination of hepatic schizonts and 
suppression of merozoites from the liver is more efficient in reducing erythrocytic infection.

Moreover, the effect of combined therapy of blood schizonticides with each of other two com­
ponents (tissue schizonticides and gametocytocides) on reducing the number gametocytes and 
gametes were investigated. The results indicate that a blood schizonticide-tissuc schizonticidc 
CT is more effective in prevention of malaria as it reduces the number of gametocytes and ga­
metes. compared to blood schizonticide-gametocytocide CT as illustrated in Fig. 27. That is to 
say that, the use tissue schizonticides to prevent initial erythrocytic infection is better than the 
use of blood schizonticides to treat and/or suppression the clinical attacks and symptoms.

Figure 27: Comparison on the effects of blood schizonticide-gametocytocide and blood schizonticide- 
tissuc schizonticidc CTs on gametocytes and gametes
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Figure 29: Comparison on the effects of blood schizonticidc-gamctocytocidc and blood schizonticidc- 
sporontocidc CTs on gametes

Figure 28: Comparison on the effects of blood sehizonticidcs or.lj and 
schizontieidc-tissue schizontieidc on mcrozoites and infected iRBCs

Furthermore, the drug therapy (sporontocides) has shown positive results on the sporogonic 
stages of malaria parasites as it reduces the number of gametes that are able to undergo fusion 
and it eventually reduces the number of oocysts and sporozoites (See Fig. 30).
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When the effect of blood schizonticide-gametocide and blood schizonticide-spcrontccide CT cn 
reducing the number of gametes was assessed, the former indicates the superiority. as iliasrated 
in Fig. 29. This recommends that it is better to destroy gametocytes before being ingested ’?;• a 
blood-seeking mosquito than to act on them after they have been sucked.
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Figure 30: Effects of sporotocidc on reducing the number gametes and oocysts
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Malaria transmission can be reduced using a CT with all four therapeutic classes of antimalar- 
ial drugs. Therefore, any CT with the following mechanisms is proposed: ability to suppress

Though the immunity has shown insignificant effect in pre-erythrocytic malaria (Selemani et al., 
2017), anti malarial therapy has shown a momentous effect on reducing malaria infection at this 
stage. Fig. 31 indicates the impact of tissue schizonticides on reducing the number of infected 
hepatocytes and hepatic schizonts.
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Figure 31: Effects of tissue schizonticides on reducing the number of infected hepatocytes and hepatic 
schizonts
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This suggests that, the sporontocidcs sucked up by mosquito in a blood meal inhibit the par­
asites’ growth such as fusion of gametes within mosquito and hence leads to a non infective 
mosquito population. Consequently, it reduces onwards mosquito-human transmission.
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Based on the above results, this study proposes that a CT with all four classes of antimalar- 
ials should be developed because of its terrific effect on controlling malaria. An artemisinin 
derivatives-primaquine CT is proposed. This is because artemisinin derivatives are effective

Numerical simulations confirm that MIE exists, and is GAS irrespective of the initial values of 
state variables. Moreover, in comparison with the results of Selemani et al. (2016) and Selemani 
et al. (2017), our results revealed that inclusion of drug therapy significantly reduce infection 
in all stages. A remarkable decrease of infected (liver and blood) cells and parasites (at all life 
cycle stages) was noted. Although its components do not appear in the expression of reproduc­
tion number, tissue schizonticides manifest a marvelous effect on reducing the infection at each 
stage of malaria life cycle. Also, sporontocides ingested by mosquito during its blood meal 
indicate the effect on reducing the number of parasites within mosquito.

Additionally, it is noted that the efficacy of blood schizonticides to suppress production of mero- 
zoites from erythrocytic schizonts is higher than that of tissue schizonticides to suppress produc­
tion of merozoites from hepatic schizonts. This is because 74, efficacy of blood schizonticides 
to suppress merozoites’ prodcution appeared into the expression of 1Ze, while r3. efficacy of 
tissue schizonticides to suppress production of merozoites does not appear.

A mathematical model for the in-human host and in-human dynamics of malaria parasite with 
effect of immune responses and drug therapy was formulated and analyzed. The model is an 
extension of the work presented by Selemani et al. (2017), where the effect of drug therapy 
to destroy infected cells, schizonts and gametocytes, and suppressing merozoites’ and game­
tocytes’ production were incorporated. We also incorporated the therapy's effect to inhibit 
sporozoites from infecting hepatocytes and parasite’s development within mosquito.

infection (of hepatocytes from sporozoites) and destroy other infective hepatic stages, and thus 
prevent the initial erythrocytic infections; to act on erythrocytic asexual and sexual stages by 
suppressing the continuing production of, and destroying the existing parasites (merozoites and 
gametocytes); and to inhibit the parasites' development within an infected mosquito after ga­
metocytes being ingested.

A positively invariant region, where the model is epidemiologically and mathematically well- 
posed was established. Using the next generation method, effective reproduction number 7?r 
was computed. Existence and stability of two non-negative equilibrium points: malaria free 
equilibrium (MFE) and malaria infection equlibrium (MIE) were established. We also, proved 
that MFE is locally asymptotically stable and globally asymptotically stable (GAS) if TZC < 1.

5.5 Conclusion
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This work demonstrates how mathematical models are powerful tools for providing insights of 
complex systems. Since antimalaria! drug therapies are age- and stage- specific, in subsequent 
work we propose the extension of the model to incorporate age structure to the parasite’s and/or 
cells’ populations.

against blood asexuals (blood schizonticidal activity) and gametocytes (gametocytocidal activ­
ity) for all species with exceptional of mature P. falciparum gametocytes. Primaquine is ef­
fective against hepatic schizonts (tissue schizonticidal activity) and gametocytes for all species 
(including mature gametocytes of P. falciparum). Moreover, the primaquine serves as sporon- 
tocide.



CHAPTER SIX

General Conclusion and Recomendations

6.1 Summary
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Existence and stability of two non-negative equilibrium points: malaria free equilibrium (MFE) 
and malaria infection equilibrium (MIE) were established in Chapter 3. Using linearization of

The developed model is epidemiologically and mathematically well-posed. Using the next gen­
eration method, a reproduction number was computed and found to be a function that depends 
only on erythrocytic parameters. This implies that the erythrocytic invasion may propagate 
without new infection from the liver. The impact of model parameters on control of malaria 
infection was assessed through the sensitivity analysis of reproduction number of the model as 
presented in Chapter 2. The infection rate of RBCs by merozoites, death rate of merozoites, and 
number of merozoites released per rupturing schizont are found be the most sensitive parame­
ters. Despite having lower sensitivity index compared to death rate of merozoites, death rate of 
schizonts has greater impact on malaria control than that of merozoites. This is because each 
matured schizont bursts and releases an average of 16 merozoites.

This work investigated the in-human host and in-mosquito dynamics of malaria parasite with 
effect of therapy. The general objective of this study was to formulate and analyze mathemtical 
models for in-human host and in-mosquito dynamics of malaria parasite in the entire life cycle 
with effects of stage-specific immune responses and drug therapy.

A basic model developed in this work consists of twelve compartments; namely, uninfected hep­
atic liver cells (HLCs), infected HLCs, hepatic schizonts, merozoites, uninfected red blood cells 
(RBCs), infected RBCs, erythrocytic schizonts, gametocytes, gametes, oocysts, sporozoites in 
a mosquito in salivary glands, and sporozoites injected into a human host.

The general objective was achieved through three specific objectives which were to formu­
late and analyze: a basic mathematical model for in-human host and in-mosquito dynamics of 
malaria parasite: a mathematical model for in-human host and in-mosquito dynamics of malaria 
parasite with effect of immune responses; and, a mathematical model for in-human host and in­
mosquito dynamics of malaria parasite with effect of immune responses and drug therapy. The 
developed models are sets of nonlinear ordinary differential equations which were analyzed 
using both analytical and numerical techniques.

6.2 Conclusion



Generally, mathematical models for in-human host and in-mosquito dynamics of malaria par-
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A further extension to the model was made to incorporate the effect of drug therapy as shown in 
Chapter 5. Pour therapeutic classes of antimalarial drugs namely, tissue schizonticides, blood 
schizonticides, gametocytocides and sporontocides were included at various stages of the plas­
modium. The effect of drug therapy to destroy infected cells, schizonts and gametocytes; to 
suppress production of parasites (merozoites and gametocytes), and to inhibit sporozoites from 
infecting hepatocytes and parasite's development within mosquito was addressed.

the system. MFE is proved to be locally asymptotically stable. Moreover, by Metzler matrix the­
ory and Lyapunov functional method. MI*E and MIE are proved to be globally asymptotically 
stable, respectively.

Here, we deduce that the efficacy of blood schizonticides on suppressing production of mero­
zoites is higher than that of tissue schizonticides. Numerical simulations indicate that drug 
therapy significantly reduces infection at all stages of plasmodium’s life cycle. Sporontocides 
ingested by a mosquito during its blood meal have an effect on reducing the number of parasites 
within the mosquito. Although its components do not appear in the expression of reproduction 
number, tissue schizontocides exhibit a remarkable effect on reducing the infection at each stage 
of malaria life cycle.

Analytical results show that effect of immune cells to suppress production of merozoites is 
higher than that of antibodies to block the invasion of sporozoites and merozoites into HLCs and 
RBCs respectively. Numerical simulations revealed that immunity has a significant influence 
on reducing infection at blood and mosquito stages only. An increase on number of uninfected 
RBCs, and a decrease on number of infected RBCs and free parasite (gametocytes) were noted. 
Also, antibodies picked-up by a mosquito during the blood meal show an influence on reducing 
the number of parasites within the mosquito. Moreover, longevity of immunity reduces number 
of parasites and infected cells in erythrocytic infection. Meaning that, as lifespan of immune 
cells increases the infection decreases.

In Chapter 4. an extension of the model was done in order to incorporate the effects of immunity 
on the malaria infection at various stages of plasmodium's life cycle. Here, the effect of immune 
responses: to block the invasion of parasites (sporozoites and merozoites) on the uninfected cells 
(hepatic liver and red blood respectively), to inhibit the production of parasites (merozoites and 
gametocytes), and to clear of both parasites and infected cells were incorporated. Finally, the 
effect of antibodies on gametocytes picked-up during the blood meal was also included. In all 
cases, immune responses have been described using the nonlinear-bounded Michaelis-Menten- 
Monod function.
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Based on the above results, this study proposes that the immune system should be boosted so as 
to improve their ability to suppress parasite’s production in bloodstream. Also, causing lysis to 
gametocytes is of great importance in preventing parasite’ development in mosquito as it may 
leads to a population of non-infcctious mosquito: hence, reduce mosquito-human infection.

6.3 Significance of the Study

Understanding the interactions between malaria parasites, immune response and drug therapy is 
of great importance on development of safe and effective control strategies, and hence eradicate 
or reduce malaria transmission. This study has the following significances:

iii) This study informs policy makers and stakeholders in health sector on the importance of 
using the combination therapy that fights malaria at various stages of plasmodium's life 
cycle to reduce burden inflicted by malaria. Therefore, this will not only save the lives of 
people but also will save the costs associated with persistence of malaria.

ii) The knowledge obtained from this study can contribute to the design of safe and effective 
control strategies of the disease such as vaccination to stop sporozoites from infecting the 
hepatocytes, and a combination therapy that reduce or eliminates parasites’ burden in all 
phases of life cycle.

i) This work provides a base for further research on modelling the in-human host and in­
mosquito dynamics for the entire life cycle of plasmodium as explained in Section 6.5.

A combination therapy with all four classes of antimalarials should be developed because of 
its terrific effect on controlling malaria. An artemisinin derivatives-primaquine combination 
therapy is proposed. This is because artemisinin derivatives are effective against blood asexuals 
(blood schizontocidal activity) and gametocytes (gametocytocidal activity) for all species with 
exceptional of mature P. falciparum gametocytes, while primaquine is effective against hep­
atic schizonts (tissue schizontocidal activity) and gametocytes for all species (including mature 
gametocytes of P. falciparum). Moreover, the primaquine serves as sporontocide.

asite developed in this work are simple presentations of complex dynamics of plasniodium 
within human host and mosquito vector. Their formulation and analysis (analytical and nu­
merical) merely based on the predefined assumptions and chosen parameters. Despite these 
assumptions that have been made during the formulation for the sake of simplicity and analysis, 
this study provides a basic mathematical framework to explore complex dynamics of malaria 
parasite through its entire life cycle.

6.4 Recommendations



6.5 F'uturc Work
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Moreover, since antimalaria! drug therapies are age- and stage- specific, we propose the exten­
sion of this work to incorporate age structure to the parasite’s and/or cells’ populations.

As we pointed out in Chapter 4 that, malaria infection deteriorates with the increase in the 
lifespan of immune cells, therefore any mechanism that reduces the lifespan of immune cells 
increases the malaria infection. Therefore, this work can be extended to include the effect of 
immune responses and drug therapy to co-infection of malaria with another disease such as 
human immunodeficiency virus (HIV) or Mycobacterium tuberculosis (TB), that have a great 
effect on immune system.
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APPENDICES

Appendix A: Matlab Codes for Chapter Two

A.l. Function file for Chapter Two
:! funct:

f unction

A.2. Effect of /?2 and /i,„ on 7£()
of rc>" i t ■j’jVjj

uninfected RBCs "On r

Basic, model .m f lie L1 "i’j j'i.'; t he s.-iru
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ciy (1)-lambdal-betal *Sh*H-muh*H;
dy (2) =betal*Sh*H-alphal*Ih-muih*Ih;
dy (3)=alphal*Ih-deltal*Th-muth*Th;
dy(4)=rl*deltal*Th+p*r2*delta2*Tr-beta2*R»M-mum«M;
dy(5)=lambda2-beta2«R*M-mur*R;
dy (6) =beta2*R*M-alpha2*Ir-mui.r*Ir;
dy(7)=alpha2*Ir-delta2*Tr-mutr*Tr;
dy(8)-(1-p)*r2*delta2*Tr-q*w«Gb-mugb*Gb;
dy (9) = rho»q*w»Gb-alpha3*Gm-mugri*Gm;
dy(10)=alpha3*Gm-delta3*C-muc*C;
dy (11) = r3*delta3*C--a-»nu»Sm-musm»Sm;
dy (12) -a*b*nu-betal*Sh*H-mush'*Sh;

dy=Basic_model(', y) 
dy=::ei es ( ;i.zc (y) );

’i < i f u r. c t i ■;>n K 1
[t,y]=ode45(@K11,tspan,y0);
plot (t, y (:i 5), 1: 1) ’ '■ Replace !■ by 6 for infected RBCs 
hold on

a=0.75; nu~20; q=0.09;rl=30000; lambda2=41500;muir=0.025;beta2=0.000002; r2 
= 16;mugb=0.0000625;r3=1000; mur=0.0083;

b=150;betal=0.001; lambda 1=300 0;muh=0.94; alpha 1=0.1249;muth=0.029; theta=0.6; 
delta2=0.5; deltal=0.0975; . : ■ i. -3 .

alpha2=0.14 5; mutr=0.185; rho=3; w=l; alpha3=0.07;mugtn=0.052; delta3=0.05;r.uc 
=0.024;musm=40;mum=48; mush=0.0000000012;

muih=0.95;p=0.925923;

H=y(1);Ih=y(2);Th=y(3);M=y(4);R=y(5); Ir=y(6) ;
Tr=y(7);Gb=y(8);Gm=y (9);C=y(10);Sm=y(ll);Sh=y(12);
' ; W7: i-icdel Equations r;

clear
tspan=[0 80);
y0=[3000, 0,0,2000,500000, 0, 1000,3000, 1500, 1000,2000,2000];
hold on
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[ t, y ] =• > i- i S (@K12, tspan, yO) ;

!>':<! (t,y(:,5), ■)
hold on

1 ’)

1 > ’)

£•• of Mv i 32 3it. e3, \nU._Tl

(!<_.( Or 1 ’ )

[ t, y 1 -od*. ir. (@K13, tspan, yO) ; 

plot(t, y (:, 5), ' ’) 
hold on

muir=0.025; delta2-0.115; r2=16; r0=5000000; p=0.925923;alpha2=0.145;

mut r=0.185;mum=48; beta2=0:0.000001:0.0000120;

R0=beta2 *i0*delta2*p*r2*alpha2./( (delta2tmutr) * (alpha2+muir) * (beta2*r0+rw) 
) ;

plot(beta2, R0, 
xlabel (1 
ylabel (' i 
grid on

'.I V’ ' *.'WPloting to show the effect
clear all
muir=0.025; beta2=0.000002;delta2=0.115;r2=16; r0=5000000; p=0.925923; 

alpha2=0.145;mutr=0.185; mum=0:0.1:80;
R0=beta2 «r0*delta2*p*r2 *alpha2. / ( (delta2*-mutr) * (alpha2+muir) * (beta2*r0+mum) 

) ;
plot(mum, R0,
xlabel (1 D^-ath r
ylabel (• Reproducei».n number, 
grid off

[ t, y ] =<). !• ••; (@K14, tspan, yO) ; 

plot (t,y(:,5), 1 ’) •

.! egend (1 i ■ ; ', '

xlabe 1 ( ' 

y Inbel ('' 'i : 

grid on 

hold off

A.3. Effect of merozoites’ death rate on RBCs



Appendix B: Matlab Codes for Chapter Three

B.l. Proving the existence of MIE for Model (3.1a)-(3.1o)
Plott ing tr

I . 1

y

; )!»»%!':W
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cj Oil 1 ;

tspan=[0 80|;

Wil LV.’ J V !

’»t, y (:, 6), t, y (:, 7), t, y (:, 8 ),'.■')

RBCs', 'Infected RBCs'»'Blood-schizonts',1

of ?■:.£ /.•

•' il l.e?. )t medei. "ni i d'clos

y0=[3000, 0, 0, 2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000, 10,10, 0);

\ Call for ODE SOLVER j •.V;’,?.i’s '.

[t, y] =ode45 (PImmunityOnly_model, tspan, yO);

u'iPlotting Erythrocytic Dynamics . -"■•'/si:' i
figure (1)

plot (t, y (:, 4) , 'i',t,y(:,5), ' 

legend (' ’. ',

Gar-r • ' )

xlabe.1 ( 1 Tit: .yr- ') 
ylabel (' 5.i y-J.;r/ cx .■ : y : i ■- ') 

: •’ > "■ ‘ .Plotting Pre-e-rythrccytic Dynamics '-..'-.Z".'.
f igure (2)
plot (t, y (:, 12), 1 j 1, t, y (:, 1), 1 t ’, t, y (:, 2), 1, t, y (:, 3), 'b*)

legend('Dpoioxoites in in.r.an1, 'Uninfected HLCs1, 1 Infected HLCsLiver 

sen in ;.r.

xlabfel (' ’ ir f •! :ys 1 ')

ylabel ('r ::----- 1 ythr i-yu’c ?ycle')

'.i'. Plotting Sporogonic Dynamics 
f igure(3) 
plot (t, y (:, 9), 1 g', t, y (:, 10), ' t. ', t, y (:, 11), 'b') 
legend('Gametes', 'Oocysts1, 'Sporozoites in salivary glands') 
xlabel('Tineidaysi ') 
ylabel (' Sporogonic ..-ycl e ')

-A '11 "iu 31 s "• Plotting Dynamics of I.mmune Responses 1

figure(4)
plot(t, y(:,13), 1 g 1,t, y (:,14), 1 b1,t,y(:, 15), 1 r 1)

legend (1 Immune cells in liver-stage', 'Immune cells in bicod-stage', ' 
Ant ibodies')

xlabel('Time[days| ')
ylabel('Immune responses 1) 
hold off



B.2. Global Stability of MIE for Model (3.1a)-(3.1o)
cii.' rd ■I".’

r; • =: d’.li®S een
clear;

HG-5C00

’.MH" *HC-5000 ’i-p,\'1WHMIW

’• -i 5 % £Z ; "i J■% % ’i '» "•sf;’s' -i •’> %*5 ’■ •; '•: r-. •■> "■■" < *, ?. •' - n„ ' ' 3t y. ’ ’j ' H0=10000
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tspan=[0 1001;
y0=[10000,0,0,2000,500000, 0, 1000,3000, 1500, 1000,2000,2000, 10, 10,0];
[t, y]=ode4 5(@Basic_mode1,tspan,yO);
figure (1)
plot(t,y (:,1), *b')
xlabel('Tin • [days; ')
ylabel('Uninfected HLCs')
grid on
hold on
-j % % % 1; f; % G % % % % •." ci %"s "j •’ *S "d "j H0-7 50 0 % i Z ' fi 1 * "j %’d % Z i s ’ % % 1 "> ’» " i "j $ "s % %

W.'S

tspan=[0 100] ;
y0=[5000, 500, 0, 2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000, 10,10,0];

11,y]=ode45(@Basic_model,tspan, yO);
figure (1)

plot, (t, y (:, 1) , 'g ')

xlabe I (' T • • ! i :ys j ')

ylabel (' iinin f'-'.'ted Hl'.'s ')
grid on
hold on

tspan=[0 100];
y0=[7500, 0,0, 2000, 500000, 0,1000, 3000,1500,1000,2000,2000,10,10,0];
[t, y]=ode4 5(@Basic_model,tspan, yO) ;
figure (1)
plot(t,y(:,1),'m')
xlabel(‘Time[days]')
ylabel('Uninfected HLCs')
grid on
hold on

tspan-[0 100];
y0=[3000, 0,0,2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000] ;
[t, y]=cde45(@Basic_model,tspan, yO) ;
fi gure (1)
plot(t,y(:,1), ' • ')
xlabel ('!;.: [ 1 .y.- ')
ylabel ( " •. Lnt .• . ! 's ')
grid on
hola on

jr. ’ >•
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hold off

Appendix C: Matlab Codes for Chapter Four
C.l. Function file for Chapter Four

tspan=[0 100];
y0=[500, 10000,0, 2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000, 10, 10,0]; 
11, y ] =odc4 5 (@Basic_modei, tspan, yO) ;
f i g u i. <_• (1)

plot (t,y(:,1), ' ’)
xiahe L (' • ')
ylab<j 1 (' . ■■ : I.

arid on

iunction dy=ImmunityOnly_model< ~, y) 
dy=::eros (size(y));

a=0.75; nu=20; q=0.09; rl=30000; lambda2=41500; muir=0.025; beta2=0.000002,■ 
r2=16; muqb-0.0000625;r3=1000; nur=0.02; b=150; betal=0.001; lambdal=3000;
muh=0.94;alphal=0.1249;muth=0.029;delta2=0.5;deltal=0.0975; alpha2=0.145; 
mutr=0.185;rho=3;w=l; alpha3=0.07;mugm=0.052; delta3=0.05; muc=0.024;musn=40;
mum=48; mush=0.0000000012; muih=0.95; p=0.925923; cl =0.00001; c2=0.00003; 
c3=0.000015;etal=0.0001; epsilon_sh=0. 0005;eta2=0.0004; epsilon_m=0.0007; 
mub=0.4; sigmaih=0.000000009;epsilon_ih=0.0005; sigmath=0.00000001;
epsilon_th=0.0005; sigmair=0.00000001; epsilon_ir=0. 0005; sigmat r=0.00000001;
epsi lon_tr=0.0005; sigmagb=0.00000001;epsiion_gb=0.0005; sigmash 

=0.0000000009;
sigmam=0.00000001; lambdazl=30; lambdaz2=30;gamma1=0.00005; gamma2=0.000046; 
gamma3=0.0000463;gamma4=0.0000469; gamma5=0.000025;gamma6=0.000025;gamma7

=0.000025;muzl = l.5;muz2=l. 53;kl=0.035;k2=0.015;k3=0.03;
. □-I"'.''•.3 Vs Definition of Variables 

1 '■ > r< ■> ? "," s " % ’,% ", ’> •; %

H=y(1);Ih=y(2);Th=y(3);M=y(4);R=y(5);
Ir=y(6);Tr=y(7);Gb=y(8);Gm=y(9);C=y(10) ;
Sm=y(11);Sh=y(12);Zl=y(13);Z2=y(14) ;B=y(15) ;
n^-Model equations ate defind here
dy(1)=lambdal-(betal*Sh*H)./(l+cl*B)-muh*H;
dy (2) = (betal*Sh*H) . / (l+cl*B) -alphal *Ih-muih*Ih- (sigmaih*Zl*Ih) .I (epsilon_ih 

+ Ih) ;
dy (3) =alphal *Ih-deltal*Th-muth*Th- (sigmath*Zl *Th) . I (epsilon_th+Th) ;
dy (4) = (rl*deltal*Th) . / (l+kl*Zl) + (p*r2*delta2*Tr) . / (l+k2*Z2) -(beta2*R»M)

. / (l+c2*B) -mum*M- (sigmam*Z2*M) . I (epsilon_m+M) ;
dy(5)=lambda2-(beta2*R*M)./(l+c2*B)-mur*R;
dy (6) = (beta2*R*M) . / (l+c2*B) -alpha2*Ir-muir*Ir- (sigmair*Z2*Ir) ./ (epsilon_ir+ 

Ir) ;
dy (7) =alpha2*Ir-delta2*Tr-mutr*Tr- (sigmatr*Z2*Tr) . / (epsilon_tr+Tr);
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change ybiiv-l t ■0 •

■ i:Effort

clear
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0, 1000, 3000, 1500, 1000,2000,2000, 10,10,0];
0, 1000, 3000, 1500,1000,2000,2000, 10, 10,0];

tspan=[0 100] ;
y01=[3000,0,0,2000,500000,
y02=[3000,0,0,2000,500000,
hold on

th Tissue SchiEontocides’)

r.focted hepatocyte:;. To observe tne 
'■ by ?. in an plut •-•orrar.J.on hepatic schi

!• gend (' .! :• p:
xlabel (' • . 'I ■ i ')
yl abel ( ' : ■: •• ') " so
gtid on 
hold on
D.8. Effect of tissue schizonticides on infected HLCs and hepatic schizonts

[11, y01]=ode45(@ImmunityTherapy,tspan,yOl) ;
■i values of caul, tan2 and t=u3 equal by zero in a function
r-. IriinunityThepary to get function InnunityTherapy_?.’-thout_Ti3sue 
[ t2, y02 ] =ode«l5 (@ImmunityTherapy_Without_Tissue, tspan, y02) ;
f. igure (1)
plot(tl,yOl {:,2), ' t' ,t2,y02(:,2), "o')
legend (' .‘i t:’.i-.ut Tissu- Sc:.st d-?? ', ' 
xlabel('Tine[days , ')
ylabel ('Infect ud ') "s Alsu change ylabei to 'Hepatic schizonts' 
grid on 
hold on



" ' ■ •/ ■ ')
')

D.6.

ef f< •in I -q~.net. : ildal nnd blood

clear

f

f i.iict i ■ i.

•yr ci 'Bloc : Schizontocides and
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hold on

Comparison of blood schizonticidal-gametocytocidal and blood schizonticidal- 
sporontocidal combination therapies

x1abeI ( ' 
y label (' 
«i. id on

i •')

ccl< • z ic.i .i.'i ;;p • i onto • Ida

Effect of sporontocides on gametes. To observe the effect on oocysts 
replace 9
by 10 Ln an plot command, 

clear

n i ty ! :. -p : to ger a tv.:: 1 io:. Bleed_Sp . rentocides 
[t2, y02 ] =ode45 (@Blood_Sporontocides, tspan, y02); 
figured) 
plot (tl, yOl (:, 9) , ' - ',t2,y02 (:, 9), ')
legend (' ?.i i '■ :h t G.ir.et

• <>ntc .-.t 1)
xlabel (' rime i-l-yr; ') 
ylabel (' l.-c -er. ') 
grid on 
hold on 
D.7. Effect of Sporontocides on gametes and oocysts

tspan=[0 100 ] ;
y01=[3000, 0, 0,2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000,10, 10,0]; 
y02= [3000, 0,0,2000, 500000, 0,1000,3000,1500,1000,2000,2000,10,10,0]; 
hold on
[t 1, yOl]=ode4 5(@ImmunityTherapy,tspan, yOl);
1 Replace values of taul, tau2 and tau3 equal by zero in a function
5 1 r.ununityThepary to get a function IVithoutSporontocide
[t2, y02] =ode45 (@WithoutSporontocide, tspan,y02);
f igure (1)
plot(tl,y01(:,9), 'r’,t2,y02(:,9), 'b')

, tauz, tau3 and t-vd eo'.'.-il by n?ro in -. function 
cet ; iu:.-ric:'. Blood .Caretocytocides

[11, yOl ] -ode'i5 (@Blood_Gametocytocides, tspan, yOl);
Lu--." :f lav.’., tn!.:?, -a:;:: tauE equal by zero in a

tspan-[0 100];
y01=[3000, 0, 0,2000, 500000, 0, 1000, 3000, 1500, 1000,2000, 2000, 10, 10,0]; 
y02=[ 3000,0, 0,2000, 500000, 0, 1000, 3000, 1500, 1000, 2000, 2000, 10, 10,0]; 
hold on



D.4 Effect of blood tissue schizonticide

Eporoi
. .. f.i ii iXlteS

4t

c ..ear

•Xi-h 'I'

)
’)

i?’dal-tissue ::zr.z Leidal and garetceiir.1

_n =

.a

' ~c, y1 2. - . -1'£hl‘it»d_7isssues, tspan, y02) ;

,-.2,y02»:,8>, ' ’)> ,
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0, 1000, 3000, 1500, 1000,2000,2000, 10, 10,0];
0, 1000,3000, 1500, 1000,2000,2000,10,10,0];

tspan=]5 1

yL2=: 3

.'.'I./;-:.’

<fj31ood_Gametocytocides, tspan, yOl) ;

,5,215j,500000,

,5,2000,500000,

V — ?. c

grid on

held on

D.5 Comparison of blood schizonticidal-gametocytocidal and blood schizonticidal-tissue 
schizonticidal combination therapies

[r.2,y02] =

figure (1)

plot (t 1, yO 1 (:, 4) , ' . 1, t2, y02 (:, 4),

:-:2 aoe

i*. tor

cn jare.« p.ot

’• -.if.d ‘.c-ui •. oj'i- cy z-.:

in nMr

.lives

mri 1C 1

[tl, yO I ] = ■ :• 4 F (@ Inmuni t'/Therapy, tspan, yOl) ;

, •. r.12 -..-’iS equal

■. :vn-t: n Irr.vn Lt yTh-rarv _?.‘i t .7: ssne

1:4 :■ (@ LmmunityTherapy_Without_Tissue, tspan, y02) ;

■I Ln plot sorran i by their ccrresptr. uny 

r ::.in.-'e.'ted RETs, 6 tor infested ?=Ce, :

ana ;C :• -r tscysts,

tspan-[0 100];

y01=[3000, 0, 0,2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000,10, 10,0]; 

y02= [ 3000,0, 0,2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000,10,10,0]; 

hold on
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D.3 Effect of immunity and therapy o reducing infections

clear

'With inmine and therapy1
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0,1000,3000,1500,1000,2000,2000];
0,1000,3000,1500,1000,2000,2000,10,10,0];
0,1000,3000,1500,1000,2000,2000,10,10,0];

tspan=[0 100] ;
y01=[3000,0,0,2000,500000, 
y02=[3000,0,0,2000,500000, 
yO3=[3000,0,0,2000,500000, 
[tl, yOl]=ode45(@Basic_model,tspan, yOl);
[t2, y02]=ode45(@ImmunityOnly_model, tspan, y02) ;
[t3, y03]=ode45(@ImmunityTherapy_model,tspan, y03) ; 
hold on

y0= [7 500, 0, 0, 2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000,10, 10,0];
11, y ] = od<-4 5 (@ImrnunityTherapy, tspan, yO);
f ’ gm - ■ (1)
plot (t, y (:, 1), )
x label (' : i > ')
ylabel ( ' iis: i :
grid on 
hold on

tspan-[0 100];
y0=[500, 10000, 0,2000, 500000, 0, 1000, 3000, 1500,1000,2000,2000, 10,10,0];
[t, y]=ode45(@ImmunityTherapy, tspan, yO) ;
figure (1)
plot(t,y(:,1), 1 -')
xlabel (' r: ci- d v/s ] ')
ylabel (’'Ji.in. : )
grid on
hold off

figure(1)
plot(tl,yOl(:,5), 'b',t2,y02(:,5), 'r1,t3,y03(:,5), ' g')
o To investigate effect on other variables, replace 5 by 6 (infected RBCs), 
"■ 4 (for Merozoices), 8 (Gametocytes), 9 (for gametes), 10 (for cocysts) 
Tt and 12 (fox sporozoites in salivary-
legend ('Wo immune Ho therapy','With immune only',

)
xlabel('Time[days]')
ylabel('Uninfected RBCs1) 
grid on 
hold on

Effect of Immunity arid Therapy on unir.feoted RBCs 1’St1



D.2. Global Stability of MIE for Model (5.1a)-(5.1o)
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dy(11) = r3 *delta3 »C -a*nu‘Sm -musm*Sm;
dy (12) =a*b*nu- (betal*Sh* H) . / (l+cl*B) -mush*Sh- (sigmash»Z1 *Sh) . / (pi_sh+Sh) ;
dy (13) -lambdazH- ((epsilon_sh*Sh) . / (pi_sh+Sh) + (epsilon_ih*Ih) ./ (pi_ih+Ih) + ( 

epsilon_th*Th)./ (pi_th+Th))*Zl-muzl*Zl;
dy (14) =lambdaz2+ ( (eps ilon_m*M) . / (pi_mtM) + (eps ilon_ir*Ir) . I (pi_ir+Ir) + ( 

epsilon_tr*Tr) . / (pi_tr+Tr) + (epsilon_gb*Gb) . I (pi_qb+Gb)) *Z2-muz2*Z2;
dy (15) = (etal*Sh*Zl) . / (pi_sh+Sh) + (eta2*M*Z2) . I (pi_m+M) -mub*B;

clear;

Dynamics
■ Here

tspan=[0 100];
y0=[3000, 0, 0, 2000, 500000, 0, 1000, 3000, 1500, 1000,2000,2000, 10,10,0];
[t, y]=ode45(@ImmunityThcrapy,tspan, yO);
figured)
plot(t,y(:,1), ’ t ’)
xlabel (1 ~ i r<-.- [ > lay:- ] ')
ylabel (' Unin terr.-Hi-C's')
grid on
hold on
WW.W!.-' H0=5000 Vr,V-sV’J’-sWV4M
tspan=[0 100];
y0=[5000, 500, 0,2000, 500000, 0, 1000,3000,1500,1000,2000,2000,10,10,0];
[t, y ]=ode45(GlmmunityTherapy,tspan, yO);
figure(1)
plot(t,y(:,1), ' g')
xlabel (' rime(days] ')
y labe 1 (' Un Ln tect <-d HLCs 1)
grid on
hold on
!•; 1. %' % 1;" I. % %I,‘k % H 0 -10 0 0 0 " □ □ ‘1 "j ft 'o *4 1 "« 3 • ’«F« --1 1 'i » •
tspan=[0 100);
y0= [10000,0, 0,2000, 500000, 0,1000, 3000,1500,1000, 2000,2000,10,10, 0] ;
[t, y]=ode45(0ImmunityTherapy,tspan, yO) ;
figure (1)
plot(t,y(:,1),'b')
xlabel(1 Time[days]')
ylabel (1 Uninfected ULCs')
grid on
hold on
’□ *5 ’i ?; % ’J % »•"d % ’ 1"» r» “i 1 ” o » H0=7 5 0 0 " » « » » % ’ » •’4 ' ’ - “*’'»* * % 4 ) % |

tspan=[0 100];

r. e.yrr/r.'.-r i'/s

i» provi g.'-.bai rtfC'T.t ’ ci. i ■ .■*.<<bi 1 ity or. MIE
■ -t. ic:.:-: ef initial of H .;niy

nr;e ; for other "-.i: ;-rLt. Les ’‘sYL



D.l. Function File for Chapter Five
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h jId off
Appendix I): Matlab Codes for Chapter Five

fiinc-i; inn dy=ImmunityTherapy_model (_,y) 
dy=zc!io;- (si ze (y));

1 r.-.r J ■ ;..r !, ’. / j ’ : > J ’

a=0.75; nu»20;q=0.09; rl-30000; lambda2=41500;muir=0.025;beta2=0.000002;r2 
=16;mugb=0.0000625;

r3~1000; nur=0.02; alpha2=0.145;rautr=0.185; rho=3; w=l;alpha3-=0.07;mugm 
=0.052;delta3=0.05;

muc=0.024; musm=40;mum=48; mush-0.0000000012; muih=0.95;p=0.925923;cl 
=0.00001;c2=0.00003;

etal^O . 4;pi_sh-=2000;eta2=0.6;pi_m-1500;niub=0.4;sigmaih=0.000000009;pi_ih 
=2000;siqmath-=0.00000001;

pi_th=2000; sigmair=0.0000000l;pi_ir=2000; sigmatr=0.00000001; pi_tr=2000; 
sigmagb=0.00000001;pi_gb=2000;

sigmash=0.0000000009; siqmam=0.00000001; lambdazl=30; lambdaz2=30;epsilon_sh 
=0.00005;Gpsilon_ih=0.000046;

epsilon_th=0.0000463;epsilon_m=0.0000469; epsilon_ir-0.000025;epsilon_tr 
=0.000025;epsilon_gb=0.000025;

muz 1=1.5;muz2=l .53 ;kl=0.035;k2=0.015;k3=0.03; taul=0.25;tau2=0.3;tau3=0.5; 
tau4=0.5;tau5=0.01;tau6=0.2;

tau7=0.3;tau8=0.01;tau9=0.3; 
j'-i'. u .7:u Defitlon of Model Variable!’ Vl'Z; Vs 

H=y (I); Ih=y(2);Th=y(3);M=y(4);R=y(5);
Ir=y(6) ;Tr=y(7) ;Gb=y(8);Gm=y(9);C-y(10);
Sm-y(ll) ;Sh=y(12);Zl-y(13);Z2-y(14);B=y(15) ;
L®;' 'jSs'. ’»■' ’.v'i ■i'it-lodel Kqr.<it ions

s. e. ’s Si r.' 1 ■; f, i •’;= %i 'i \ ?; ■« "• j % 1 ?i 51 11
dy (1) =lambdal- (betal*Sh*H) ./ (l+cl*B) -muh*H; 
dy (2) = (1-taul) * (betal*Sh*H) ./ (l+cl*B) - (alphal+muih+tau2) *Ih- (sigrnaih*Zl*Ih) 

./(pi_ih+Ih);
dy (3) =alphal*Ih- (deltal+muth+tau2) *Th- (sigmath*Zl*Th) ./ (pi_th+Th);
dy (4) = (l-tau3) * (rl*deltal*Th) . / (l+kl*Zl) + (l-tau4) * (p*r2*delta2*Tr) ./(L+k2» 

Z2) - (beta2*R*M) . / (l+c2*B)-(mum+tau5) *M-(sigmam+Z2*M) ./(pi_m+M);
dy (5) =lambda2- (beta2*R*M) . / (l+c2*B) -mur*R;
dy (6) = (beta2*R*M) . / (l+c2*B) - (alpha2+muir+tau6) *Ir- (sigmair*Z2*Ir) J (pi_irt 

Ir);
dy (7) =alpha2*Ir- (delta2+mutr+tau6) *Tr-(sigmatr*Z2*Tr) ./ (pi_tr+Tr);
dy (8) = (l-tau7) * ((1-p) *r2*delta2*Tr) ./ (l+k2*Z2) - (q*w+mugb+tau8) *Gb- (sigmag^ 

Z2*M)./(pi_gb+Gb);
dy (9) = (l-tau9) * (rho*q*w*Gb) ./ (l+k3*B) -alpha3*Gm-mugm*Gm;
dy(10)=alpha3*Gm-delta3*C-muc*C;
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dy (8) = ((1-p) *r2*delta2»Tr) ./(I+k2*Z2) -q*w*Gb-mugb*Gb- (sigmagb*Z2*M) . I ( 
epsilon_gb+Gb);

dy (9) = (rho*q*w*Gb) ./(I+k3*B) -alpha3*Gm-mugm*Gm;
dy(10)=alpha3 *Gm-delta3*C-muc*C;
dy (11) =r3*delta3*C-a*nu*Sm-musm*Sm;
dy (12) =a *b>nu-(betal*Sh*H)./(1 + cl*B) -mush*Sh- (sigmash*Z1 *Sh) . / (epsilon_sh+ 

Sh) ;
dy (1 3) =lambdazl+ ((gamma 1 *Sh) . / (epsilon_sh+Sh) + (garima2*Ih) . / (epsilon_ih+Ih) 

+ (qamma3 *Th) . / (epsilon_th+Th)) *Zl-muzl*Zl;
dy (1 4) =lambdaz2+ ( (gamma4 *M) . / (epsilon_m+M) + (gamma5 dr) . I (epsilon_ir Hr) + ( 

gamma6 *Tr) . / (epsilon_tr+Tr) + (gamma7 »Gb).I(epsilon_gb+Gb))*Z2-muz2*Z2;
dy(15)=(etal*Sh*Zl)./(epsilon_sh+Sh)+(eta2*M»Z2)./(epsilon_m+M)-mub*B;
C.2. Effect of immunity on RBCs, merozoites and gametocytes

cieai
tspan=[0 80);
yOl-[3000,0,0,2000, 500000, 0, 1000, 3000, 1500, 1000, 2000,2000];
y02= [3000, 0, 0,2000, 500000, 0, 1000,3000, 1500, 1000,2000,2000, 10, 10,0];
[t1,y01 ] =ode45(@Basic model,tspan,yOl);
[t2, y02 ] =ode4 5 (@ImmunityOnly_model,tspan, y02) ;
hold on

figure (1)
plot (tl,y01 (:,5), ' ■ ', t2,y02(:,5), ' r ') 
legend ('x: i.hout irr., 'witii imm.-.ii-.--1) 
x 1 abe 1 (' T.’ r.e [day.?' ') 
’/label -:e.: RF.Cs ’)
grid on 
held on 

■■ j r. ?;

Q& 301 
.M 3

, Effect ct

Effect of immunity on Meiozoites W;3 j-',’ ’.-V; V;
figure(2)
plot: (tl,y0.l (:, 4), ’b•, t2,y02 (:, 4), 1 r 1)
legend (1 '■•.’1 ' 1. m irr.u::. ', ' ■.-.’it r. imr.une 1) 
xlabe1('Time[Jaysj')
y 1 a be .1 (' Moo z O i c e s ’) 
grid on 
hold on
” ?•B; ? ’ ’ Effect of immunity on gametocytes sV; 1 W
figure(3)
plot(t1,yOl(:,8), 'b',t2,y02(:, 8), 'r ') 
legend (1 with >ut immune 1, 1 ■.-.'ith immune1) 
x1abe1('T ime[day s] ') 
ylabel(1 Gametocytes 1) 
grid on
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[t, y]=ode45(@J13,tspan, yO) ;

plol (t, y (:, 6), 1g ’) ^Replace 6 by 4

Gar.et acyt es) 

hold on

r (t,y (:, 6), '; ')

•dar.e1 .a■ •yt-s)
hold on

h ■! ■! on

C.3. Effect of immune responses1 life span on RBCs, merozoites and gametocytes

i hni:- (4)

1 : (t 1, y01 (:, 8) , ’ ', t2, y02 (:, 8), '
1 i-V-i; : ( ' .

? i:r.c' 1 t.

h. -l (1

• t ■ ion

r :- rp::: i i y-_ n I y_r ■ ■ !*•1

[t,y]=ode45(0JI2,tspan,yO);

plot (t, y (:, 6), ' ’ ’) R' place <■ by 4

Replace ' by i

:>i" no .i*-1

’ A function >14 is obtained when we take muz 1-C. 7: ;r.uz2=0.75 in Ft:

: rc tin i t y On I y _r.od**l ■> ri "

[t, y]=ode4 5(@J14,tspan, yO) ;

plot (t, y (:, 6)Replace 6 by 4

Gametocytes)
legend (1 X:-v.i_ t n >. 1--1.50, \riti .{:: }_2- 1.50', ' • nu J c }_1-1.25, \mu„{ z »._2= • .25', ' \ 

nu.I ..1 “1.00, \nu._ I z ;_2-I . 00 ', "• rir._. { z } \r.u_{ z l_2=9.75 1)

:<label ('Tinelduysl ')
ylabel (1 Infected RP-.s ') si Change rhe ylabei to respective variable
grid on
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tspan=[0 80];

yO- [3000, 0,0, 2000, 500000, 0,1000,3000, 1500, 1000,2000,2000, 10,10,0];
hold on

(merozoites),5 (Uninfected RBCs), 8

' Z t- • >
icnct io:. J’..- ;.s obtained wl.ei; we take r;uzl = l. 30;::ir.z2-.02 in Function

[ t, y ] =odc-45 (0J11, tspan, yO); Rep 1 . 

x r. ■'•tec)

(merozoites),' (Uninfected RBCs), S (

hi. •. i: 'i.'-r ->f


