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ABSTRACT

ii

In chapter two, the analysis of the entropy generation in a variable viscosity channel flow of 

nanofluids with convective cooling was numerically investigated. The results revelled that 

Entropy generation rate generally increases with time /, Eckert number Ec, viscosity variation 

parameter /?, pressure gradient A, thermophoresis parameter Nt. Increase in Biot Bi increase 

entropy generation at the walls but decreases entropy generation within the channel. The 

paper was prepared and published in Comptes Rendus Mecanique.

This study consists of six chapters. Chapter one is an introduction, in this chapter useful 

terms have been defined, objectives of the study, statement of the problem, significance of 

the study ware stated. The method used for analysis in all chapters is a semi discretization 

finite difference method together with Runge-Kutta Fehlberg integration scheme. The 

nanoparticles used was Copper (Cu) and Alumina (AI2O3).

In chapter three, the combined effect of buoyancy force and convective cooling on the 

unsteady flow, heat transfer and entropy generation rate in water based nanofluids was 

investigated. A^Oj-water nanofluid observed to produces higher entropy than Cu-water 

nanofluid. Fluid friction irreversibility dominants the channel centreline region while the 

effects of heat transfer irreversibility near the walls increases with Grashof number Gr, Ec, A, 

but decreases with nanoparticles volume fraction <p and Bi. Prepared paper was published in 

applied and computational mathematics journal.

In chapter four, the flow structure, heat transfer and entropy generation in unsteady 

generalized Couette flow of a water-based nanofluid with convective cooling was 

numerically investigated. It was found that the entropy generation increases with (p and Ec, it 

decreases with J. With an increase in Bi the entropy generation rate decreases and reverse its 

behaviour near the upper wall. The Bejan number increases with an increase in^.

Nanofluid is a fluid containing nanometre- sized particles, called nanoparticles. These fluids 

are engineered colloidal suspension nanoparticles in a based fluid. The commonly used fluids 

are water, ethylene, oil and lubricant. Entropy is an extensive thermodynamic property that is 

the measure of a system’s thermal energy per unit temperature that is unavailable for doing 

useful work. That is it destroys the available energy in any flow process and thermal system.



iii

In chapter five, computational model and thermodynamic analysis of the effects of Navier 
slip and wall permeability on entropy generation in unsteady generalized Couette flow was 
investigated. An increase in an entropy generation rate was observed with an increase in^ 

and slip parameter f, the paper was published at University Politehnica of Bucharest (U.P.B) 

Scientific Bulletin, Series D. Chapter six consist of general discussion, conclusion, 
recommendation and future work.

One paper from this chapter was prepared and published in Sadhana - Academy Proceedings 
in Engineering Science.

General observation was that entropy can be reduced by mixture of nanoparticles and base 
fluid with careful combination of parameters controlling the flow and geometry in 
consideration. Alumina- water nanofluid produces more entropy compared to Copper- water 
nanofluid.
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CHAPTER ONE

General Introduction and Background

Introduction

1.1 Background Information

1.1.1 Channel flow

V
zz

u(y)y

1

This chapter describes the genera! introduction of the study. It mainly focuses on the background 

information of the study, the flow terminologies and governing mathematical equations have been 

defined. The statements of the research problem, objectives of the study, significance of the study, 

applications and dissertation outline are also stated.

Couette flow is the laminar How of a viscous fluid in Lhe space between two parallel plates, 

one of which is moving relative to the other. The flow is driven by virtue of viscous drag 

force acting on the fluid and the applied pressure gradient parallel to the plates. Steady 

viscous fluid flow driven by an effective pressure gradient established between lhe two ends 

of a long straight pipe of uniform circular cross-section is generally known as Poiseuille flow.

Figure 1.1: Couette flow: Source: Department of Applied Mathematics 

University of Waterloo
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/////////////////////////////////////////

1.1.2 Nanofluid

2

Examples of nanoparticle are pure metals (Au, Ag, Cu, and Fe), metal oxides (CuO, SiCh, 

AI2O3, TiOz, ZnO, and FC3O4), Carbides (SiC, TiC), Nitrides (AIN, SiN) and different types 

of carbon (diamond, graphite, single/multi wall carbon nanotubes) (Zhen-Hua Lui, and Yuan- 

Yang Li, 2012).

Figure 1.2: Poiseuille flow: Source; Department of Applied Mathematics 

University of Waterloo

There are two techniques used in nanofluids production; the single-step method in which 

nanoparticles are evaporated directly into the base fluid and the two-step method in which 

nanoparticles are first prepared by either the inert gas-condensation technique or chemical 
vapor deposition method and then dispersed into the base fluid. See Figure 1.3 below of Cu- 

watcr nanofluid.

Nanofluid is a fluid containing nanometre-sized particles, called nanoparticle. These fluids 

are engineered colloidal suspension nanoparticles in a based fluid. The commonly used fluids 
are water, ethylene, oil and lubricant. The terms nanofluid was first introduced by Choi 

(1995) who was working with the group at the Argonne National Laboratory (ANL), USA. 

Investigations have shown that nanofluids possess enhanced thermophysical properties such 

as thermal conductivity, thermal diffusivity, viscosity and convective heat transfer 

coefficients compared to those of base fluids like oil or water (Choi, 2009).

> x
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Figure 1.3: Copper-Water nanofluid: Source; Krauthammer Lab 2008, Yale University

1.1.3 Entropy

(1.1)7

3

Entropy is a measure of how energy and other extensive quantities distribute within available 
constraints in a thermodynamic system. The entropy generation is always a positive quantity 
or zero (reversible process). Its value depends on the process, thus it is not a property of a 
system. That is it destroys the available energy in any flow process and thermal system. It has 
the dimension of energy divided by temperature which has a unit of Joules per Kelvin (J/K) 
in the International System of Units. As entropy-generation takes place the quality of energy 
decreases, so to preserve the quality of energy entropy generation in fluid flow should be 
reduced. According to Woods (1975), the local volumetric rate of entropy generation is given 

by

The study of laminar falling viscous incompressible liquid film along an inclined porous 
heated plate has many significant applications in thermal engineering and industries. Starting 
from petroleum drilling equipment to various industrial exchanger systems, this type of 
geometry can be observed. Meanwhile, the improvement in thermal systems as well as 
energy utilization during the convection in any fluid is one of the fundamental problems of 
the engineering processes, since improved thermal systems will provide better material 
processing, energy conservation ana environmental ettects, (MaKinde, 2U04).

DB 
+ —

<p0\ty
Db dT d tp 
Ta dy dy

Sn
2

+kf

7? k kt y

The first term in Eq. (1.1) is the irreversibility due to heat transfer; the second term is the 
entropy generation due to viscous dissipation, while the third and the fourth terms are the 
local entropy generation due to nanoparticles mass transfer and complex interaction with the 

base fluid.

'dtpC dT} 2

4-
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Figure 1.4: Entropy increase with temperature: Source; Science aid.co.uk

4

One of the methods used for predicting the performance of the engineering processes is the 
second law analysis. The second law of thermodynamics is applied to investigate the 
irreversibility in terms of the entropy generation rate. Natural convection in trapezoidal 
enclosures has been the subject of interest for many studies due to its important application in 
various fields such as electronic components and solar collectors. Although, there are some 
valuable studies on natural convection in trapezoidal enclosures using pure fluid only few 
studies considered the effect of nanofluid, (Natarajan et al, 2008). No attempt was made to 
optimize the problem. This can be done by using the Entropy Generation Minimization 
technique as introduced, (Bejan, 1982). However, there are only a few studies that consider 
the second thermodynamic laws in the presence of nanofluids. Mahmoudi et al (2012) 
numerically studied the entropy generation and natural convection in a square cavity with a 
vertical heat source which is filled with copper-water nanofluid. They have considered 
entropy generation and heat transfer for a wide range of the Rayleigh number, solid volume 
fraction parameter and different positions of the heat source. It has been found that the 
entropy generation uecreases with ine soiiu voiuinc uuuuvu.

Factors that influence the entropy of the system are volume change, temperature change, 
phase change, molar mass, chemical reaction and molecular complexity.

of --o<wl

T«mp«r.itu r* <K>

Figure 1.4 depicts how entropy increases with an increase of temperature. The figure shows 
that, vapour slate has high entropy compared to the liquid and solid states. This is because as 
temperature increases, solid state become liquid and finally vapour state, molecules are free 
to move in vapour state compared to other states. The second law of thermodynamics states 
that in an isolated system the entropy will increase.

aid.co.uk


1.1.4. Engineering and industrial applications

The study has useful applications in industries and engineering, some of these useful

applications are cooling process, heat exchangers, nuclear reactors, electronics, automotive,

transportation, electronics, geothermal system, drainage system, and petroleum refinery.

where crude oil is transform into useful products such as liquefied petroleum gas. gasoline or

petrol, kerosene, jet fuel, diesel oil and fuel oils. Figure 1.5 and Figure 1.6 below show the

engine cooling system and Heat exchange device respectively.

hoatc* return hose .T.
Hooter food Ho so

boater coreupper radiator ho^c

radiator

I
I3C

cooiant expansion tank

lower radiator bosoair flow

radiator cooling tan

----- METAL WICK STRUCTURE

LIQUID FLOW

Vapour Flow

ISOBAR SHELL

Figure 1.6: Heat exchange device: Source; Scientific & Academic Publishing Co

1.1.5. Viscosity

The viscosity of a fluid is a measure of its resistance to gradual deformation by shear stress or

tensile stress. For liquids, it corresponds to the informal concept of "thickness". For example,

honey has a much higher viscosity than water. It is a property arising from collisions between

5
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water pump.

Figure 1.5: Engine cooling system: Source; mw.stforeignauto.com/service-repair/engine- 
cooling-system
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1.1.6. Buoyancy

1.1.7. Governing equations

6

A fluid that has no resistance to shear stress is known as an ideal or inviscid fluid. Zero 
viscosity is observed only at very low temperatures in super fluids. Otherwise, all fluids have 
positive viscosity, and are technically said to be viscous or viscid. In common parlance 
however, a liquid is said to be viscous if its viscosity is substantially greater than that of 
water; and may be described as mobile, if the viscosity is noticeably less than water. A fluid 
with a relatively high viscosity, for example, pitch, may appear to be a solid.

This study will be governed by basic equations, which are continuity equation, nanofluid 
Navier Stokes equation, nanofluid energy equation as listed below respectively.

neighboring particles in a fluid that are moving at different velocities. When the fluid is 
forced through a tube, the particles which comprise the fluid generally move more quickly 
near the tube's axis and more slowly near its walls: therefore some stress, (such as a pressure 
difference between the two ends of the tube), is needed to overcome the friction between 
particle layers to keep the fluid moving. For the same velocity pattern, the stress required is 
proportional to the fluid's viscosity.

For this reason, an object whose density is greater than that of the fluid in which it is 
submerged tends to sink. If the object is either less dense than the fluid or is shaped 
appropriately (as in a boat), the force can keep the object afloat. This can occur only in a 
reference frame which either has a gravitational field or is accelerating due to a force other 
than gravity defining a "downward" direction. In a situation of fluid statics, the net upward 
buoyancy force is equal to the magnitude of the weight of fluid displaced by the body.

Buoyancy also known as upthrust is an upward force exerted by a fluid that opposes the 
weight of an immersed object. In a column of fluid, pressure increases with depth as a result 
of the weight of the overlying fluid. Thus a column of fluid, or an object submerged in the 
fluid, experiences greater pressure at the bottom of the column than at the top. This difference 
in pressure results in a net force that tends to accelerate an object upwards. The magnitude of 
that force is proportional to the difference in the pressure between the top and the bottom of 
the column, and (as explained by Archimedes' principle) is also equivalent to the weight of 
the fluid that would otherwise occupy the column, i.e. the displaced fluid.
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1.1.8. Mathematical methods

1.2 Statement of the Research Problem

7

Numerical approach will be to solve formulated differential equations. In this study the finite 
difference method, shooting technique as well as the fourth order Runge-Kutta integration 

scheme will be used. Shooting technique is an iterative algorithm which attempt to identify 
appropriate initial conditions for a relative initial value problem (IVP) that provide the 
solution to the original boundary value problem (BVP). Runge-Kutta methods are among the 
most popular classes of formulas for the approximate numerical integration of non-stiff, 
initial value problems. However, high-order Runge-Kutta methods require more function 

evaluations per integration step.

Several studies on nanofluid and entropy generation have been done in different geometry 

like pipes, channels, plates and others. The study on, effect of variable viscosity and 
convective cooling in the unsteady channel flow, analysis of the second law of Buoyancy 
driven unsteady channel flow of nanofluids with convective cooling, entropy generation in a 
transient Couette flow of nanofluids with convective cooling and analysis of the entropy 
generation of an unsteady nanofluids Couette flow channel with permeable walls have never 
reported. Specifically effects of different types of nanoparticles on the flow and temperature 
profile, entropy generation, skin friction and Nusselt number, thermophoresis and Brownian 
motion, temperature and concentration of nanofluid, entropy generation, Bejan number, 
Nusselt number and skin friction. In this research it is intended to formulate models which 
will be used to analyse the nanofluid flow and entropy- generation in a channel by 

incorporating parameters controlling the flow.

-V27’ + /z„^ 

»/

dT 9T dT— + u— + v— = 
dt dx dy

du dv— + —= 0 
dx dy

K., 
(pC,).

du du du 1 dp Mnf —2
dt dx dy pnf dx pnf

dv dv dv 1 dp Pnf _2
dt dx dy pnf dx pnf

dv
dx

dT
dx

du
dx



1.3 Objectives of the Study

1.

2.

3.

4.

1.4 Significance of the Study

1.5 Dissertation Outline

8

The dissertation is organised as follows:
Chapter one presents the general introduction, background of the research, the problem 
statement, justification, research objectives, research questions and the significance of the 

research.

This research will be useful in industries, engineering and medicine. Specifically in cooling 

process, nuclear reactors, transportation, electronics, automotive, geothermal system, as a 

viscometer, drainage system, biomedicine and food. Moreover it may have an application in 
petroleum refining processes where crude oil is transform into useful products such as 
liquefied petroleum gas, gasoline or petrol, kerosene, jet fuel, diesel oil and fuel oils. 
Reducing entropy-generation in a nanofluid flow system will make the fluid to be much more 

effective in cooling machines, engines such as automobile engines, welding equipment, high 

heat flux devices.

The general objective of this study is to investigate a channel flow model for nanofluids and 

heat transfer under various physical situations as well as thermodynamic analysis of the 
entropy generation and their minimization for efficient operation of the flow and thermal 

systems. This will be achieved through implementation of the following specific objectives:-
To obtain a mathematical model for entropy generation rate in nanofluid flow with 

heat transfer under different flow geometry.

To determine the effect of variable viscosity, thermophoresis and Brownian motion on 
the flow, temperature and concentration of nanofluid, entropy generation, Nusselt 
number and skin friction.

To analyse the second law of thermodynamics driven unsteady channel flow of 

nanofluids with convective cooling

To investigate and analyse the entropy generation of an unsteady nanofluids in a 

Transient Couette flow with convective cooling and permeable wall



Chapter six presents the general discussion, conclusion, recommendations and future work.
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Chapter two presents the entropy generation in a variable viscosity channel flow of 
nanofluids with convective cooling. Their first and second objectives are achieved in this 
chapter.

Chapter four presents a numerical investigation into entropy generation in a transient 
generalized Couette flow of nanofluids with convective cooling. This chapter summarizes the 

findings of the part of fourth specific objective.

Chapter five present effects of Navier slip and wall permeability on entropy generation in 
unsteady generalized Couette flow of nanofluids with convective cooling. The fourth specific 

objective is also achieved through this chapter.

Chapter three presents a second law analysis of buoyancy driven unsteady channel flow of 
nanofluids with convective cooling. The third specific objective of the research is achieved 
through chapter three.



CHAPTER TWO

Abstract

2.1 Introduction

'This chapter is based on the paper:
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Mkwizu, M.H and Makinde, O. D (2015). Entropy Generation in a Variable Viscosity Channel Flow of 
Nanofluids with Convective Cooling, Complex Rendus Mecanique, Vol 343, 38-56, ISSN 1631-072.

This chapter investigates the combined effects of thermophoresis, Brownian motion and 
variable viscosity on entropy generation in unsteady flow of water based nanofluids confined 
between two parallel plates with convective heat exchange with the ambient surrounding at 
the walls. Both first and second laws of thermodynamics are applied to analyse the problem. 
The nonlinear governing equations of continuity, momentum, energy and nanoparticles 
concentration are tackled numerically using a semi discretization finite difference method 
together with Runge-Kutta-Fehlberg integration scheme. Numerical results for velocity, 
temperature, and nanoparticles concentration profiles are obtained and utilised to compute the 

skin friction, Nusselt number, entropy generation rate, irreversibility ratio and Bejan number. 

Pertinent results are displayed graphically and discussed quantitatively.

Heat transfer enhancement in engineering and industrial systems is one of the hottest topics in 
research today. With the growing demand for efficient cooling systems, more effective 
coolants are required to keep the temperature of heat generating engines and engineering 
devices such as electronic components below safe limits. In recent time, the use of nanofluids 
has provided an innovative technique to enhance heat transfer. Nanotechnology has been 
widely used in engineering and industry since nanometer size materials possess unique 
physical and chemical properties. The addition of nanoscale particles into the conventional 

fluids like water, engine oil, ethylene glycol, etc., is known as nanofluid and was firstly 
introduced by Choi (1995). Moreover, the effective thermal conductivity of conventional 
fluids increases remarkably with the addition of metallic nanoparticles with high thermal 
conductivity. Nanofluid may be considered as a single phase flow in low solid concentration

Entropy Generation in a Variable Viscosity Channel Flow of Nanofluids with 

Convective Cooling1
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Meanwhile, in the nanofluids flows, the improvement of the heat transfer properties causes 

the reduction in entropy generation. The foundation of knowledge of entropy production goes 

back to Clausius and Kelvin’s studies on the irreversible aspects of the second law of 

thermodynamics. Since then the theories based on these foundations have rapidly developed, 
see Bejan (1982) and Bejan (1996). However, the entropy production resulting from heat and 

mass transfer coupled with viscous dissipation in nanofluids has remained untreated by 

classical thermodynamics, which motivates many researchers to conduct analyses of 

fundamental and applied engineering problems based on second law analysis with respect to 

nanofluid. Based on the concept of efficient energy use and the minimal entropy generation 
principle, optimal designs of thermodynamic systems have been widely proposed by the 

thermodynamic second law Woods (1975). It is possible to improve the efficiency and overall 

performance of all kinds of flow and thermal systems through entropy minimization 

techniques. The analysis of energy utilization and entropy generation has become one of the 

primary objectives in designing a thermal system. This has become the main concern in many 

fields such as heat exchangers, turbo machinery, electronic cooling, porous media and

because of very small sized solid particles. There are many experimental and theoretical 
studies on flow of nanofluids in different geometries (Choi et al, 2001).

Numerical study of buoyancy driven flow and heat transfer of Alumina (AI2O3)—water based 

nanofluid in a rectangular cavity was done by Hwang et al. (2007). The nanofluid in the 

enclosure was assumed to be in single phase. The result revealed that for any given Grashof 

number, the average Nusselt number increased with the solid volume concentration 

parameter. Nield and Kuznetsov (2009) investigated numerically the Cheng—Minkowycz 

problem for natural convective boundary-layer flow in a porous medium saturated by a 

nanofluid. Oztop and Abu-Nada (2008) considered natural convection in partially heated 

enclosures having different aspect ratio and filled with nanofluid. The results showed that the 

heat transfer was more pronounced at low aspect ratio and high volume fraction of 

nanoparticles. Ibrahim and Makinde (2013) studied the effect of double stratification on 

boundary-layer flow and heat transfer of nanofluid over a vertical plate. The buoyancy effects 

stretching/shrinking sheet with or without magnetic field were considered by Makinde et al 

(2013) and Makinde (2013). Wang and Mujumdar (2007) presented a comprehensive review 

of heat transfer characteristics of nanofluids. Detail reports on convective transport in 

nanofluids can be found in Buongiomo (2006), Mutuku-Njane and Makinde (2014), Tiwari 

and Das (2007), etc.



2.2 Mathematical Model

y=a

>
>

*
> y = -a
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Consider the unsteady flow of an incompressible variable viscosity nanofluid between two 

parallel plates channel under the combined action of a constant pressure gradient and 

convective heat exchange with the ambient surrounding. It is assumed that the channel width 

is 2a and the flow is symmetrical with no slip at the walls as depicted in Figure 2.1 below;

combustion. Several studies have thoroughly dealt with conventional fluid flow irreversibility 

due to viscous effect and heat transfer by conduction Narusawa (1998).

Makinde et al (2013) performed numerous investigations to calculate entropy production and 

irreversibility due to flow and heat transfer of nanofluids over a moving flat surface. They 

found that the entropy generation in the flow system can be minimized by appropriate 

combination of parameter values together with nanoparticles volume fraction.

Nanofluid

Using the Buongiorno nanofluid model with the Brownian motion, thermophoresis and 

nanoparticle volume fraction distributions, the governing equations for continuity, 

momentum, energy and nanoparticle concentration are

In the present study, we analyse the combined effects of thermophoresis, Brownian motion 

and variable viscosity on entropy generation rate in unsteady channel flow of water base 

nanofluid under the influence of convective heat exchange with the ambient surrounding. 

Such flows are very important in engine cooling, solar water heating, cooling of electronics, 

cooling of transformer oil, improving diesel generator efficiency, cooling of heat exchanging 

devices, improving heat transfer efficiency of chillers, domestic refrigerator-freezers, cooling 

in machining and in nuclear reactor. In the following sections the problem is formulated, 

numerically analysed and solved. Pertinent results are displayed graphically and discussed.

u = 0,-kff- = h(T-Ta)

u = 0, T = Ta

Figure 2.1: Schematic diagram of the problem under consideration
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where //0 is the nanofluid viscosity at the ambient temperature Ta, P =mTa is a viscosity 

the particular fluid. The initial and boundary

—— -I-------------------------
kf V .

dT 
di

Dr dT
Ta dy

du 
p>& =

variation parameter which depends on 

conditions are given as follows:

W(^,0) = 0, T(y,O) = Ta,

^=0, 
ox

— (Oj') = , (axial-symmetric conditions)
dy dy dy

u(a,t) = 0,-kf = ^(Ha,7)-To),
dy

where h is the heat transfer coefficient and (pQ is the nanoparticles initial concentration. We 

introduce the non dimensionless variables and parameters as follows:

' d2Ty
T\la J

where Db and Dr are the Brownian and thermophoretic diffusion coefficients respectively, it 

is the nanofluid velocity in the x-direction, T is the temperature of the nanofluid, P is the 

nanofluid pressure,/ is the time, Ta is the ambient temperature which also correspond to the 

nanofluid initial temperature, (p is the concentration of nanoparticles, pj is the density of the 

nanofluid, pf is the viscosity of the fluid fraction, ay is the thermal diffusivity of the nanofluid, 

kf is the thermal conductivity of the fluid fraction and r is the ratio of solid particles heat 

capacitance to that of the nanofluid heat capacitance. The dynamic viscosity of nanofluid is 

assumed to be temperature dependent as follows:

d2T 
~ar —r f dy2

I dy)

I dy dy Ta

3-^ = Da 
dt 8

dP d— + — 
dx dy

d2(p 
a/4



e =

p = ,a = (2-9)>

Ec =

(2.10)

(2.H)

(2.12)

with

(2.13)^,0) = 0,

(2.14)

(2.15)

(2.16), Nu =

is the wall shear stress and qw is the heat flux at the channel walls given by

(2.17)
y-a
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The dimensionless governing equations together with the appropriate initial and boundary 

conditions can be written as:

Nt d2P
Nbdr]2’

, Qw

dP_ 
dX’

d6 dW 
dr] dr]

P
— ,Nb =

-Pe~pe

d2H 
dr]2

QQw 

k,Ta'

,P = rnTa 
f

’Sc=t'

Pr— = 
dt

V

cf =

d2W 
dr]2

^cPf 

kf

, dT
= ~kfX

where tw

PF(i,t) = o, —(i,t) = -Bie(i,t)
de

where Nb is the Brownian motion parameter, Bi is the Biot number, Nt is the thermophoresis 

parameter, Sc is the Schmidt number, Pr is the Prandtl number, Ec is the Eckert number and 

A is the pressure gradient parameter. The quantities of practical interest in this study are the 

skin friction coefficient C/and the local Nusselt number Nu which are defined as

Pfuf

7,H=^-,Nt = 
Po

+ £cPre_/w

wz ua y
vf a

tDb<Po 

af

T-Ta
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Pfa2

zY

crJ.°
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dt

xn_dOdH „
\Nb---------- + Nt

dr] drj
d2e
dr]2

tDt
—~,r =
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Tv=hlf~dy

a kf
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a

{PCr\

2VZ de x 
Nb or/

dr]

dt

, —(1,0 = 
drj

<dr] ,

^(77,0) =0, 77(77,0) = 1,

^(0,/) = |^(0,/) = 
dr/ 07]



• at 77 = I. (2-18)
Nu =

2.3 Entropy Analysis

(2.19)
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parameter. Let

(2.21)
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(2.20) 

where Br = BcPr is the Brinkmann number, 2 = (p0DB/kf is the nanoparticles mass transfer

Substituting equation (2.17) into (2.16), we obtain 

-pe dJV '

df^

2

kf

Ta2
Sm +

qh se
4-------------

drj drj
J >

2

+ 2

\2

, N2 = Bre~po

+ Bre

dT_

The irreversibility distribution ratio is define as <I> = /^/(M+Nj). Heat and nanoparticles 

mass transfer irreversibility dominates for 0 < <I> < 1 and fluid friction irreversibility 

dominates when O > 1. The contribution of both irreversibilities to entropy generation are 

equal when O = 1. We define the Bejan numbers (Be) mathematically as

DR
Ta

'dW
^dri

Vf(D(du
<^7

^77 7

Db dT d (p 
Ta dy dy

The first term in Eq. (2.19) is the irreversibility due to heat transfer; the second term is the 

entropy generation due to viscous dissipation, while the third and the fourth terms are the 

local entropy generation due to nanoparticles mass transfer and complex interaction with the 

base fluid. Using equation (2.9), we express the entropy generation number in dimensionless 

form as,

a 0 

kf

In the nanofluids flows, the improvement of the heat transfer properties causes the reduction 

in entropy generation. However, convection process involving channel flow of nanofluids is 

inherently irreversible. The non-equilibrium conditions due to the exchange of energy and 

momentum, within the nanofluid and at solid boundaries, cause continuous entropy 

generation. One part of this entropy production results from heat transfer in the direction of 

finite temperature gradients, while other part arises due to the fluid friction, nanoparticle 

concentration and complex interaction between the base fluid and the nanoparticles. 

According to Woods (1975), the local volumetric rate of entropy generation is given by 
/-j \2 

d(p 
Po 1^,

'dW
<^77

C j - e

V dH d3
or) or)

' dH

"dH^



(2.22)

2.4 Numerical Procedure

introduced such that the grid size Atj = \/N and grid points?/, = (/ —1)A?7, 1<Z< 7V+1.

(2.23)

2.24)+ Nt
7

(2.25)

(2.26)
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(/7,41-2/y,.+//,-,)
(A?/)2

■—3^ 1
Ns 1+0

From equation (2.22), it is very obvious that the Bejan number ranges from 0 to 1. The zero 

value of the Bejan number corresponds to the limit where the irreversibility is dominated by 

the effect of fluid friction while Be — 1 is the limit where the irreversibility due to heat and 

nanoparticles mass transfer dominates the flow system. Heat and mass transfer together with 

fluid friction irreversibilities are the same when the Bejan number equals 0.5.

- A2 /-i

4(A?/)2

The semi-discretization finite difference technique known as method of line is employed to 

tackle the model nonlinear initial boundary value problem in equations (2.10)-(2.15). The 

discretization is based on a linear Cartesian mesh and uniform grid on which finite- 

differences are taken. The first and second spatial derivatives in equations (2.10)-(2.12) are 

approximated with second-order central finite differences. Let FfS(z), O^f) and Hi(t) be 

approximation of W^t), fXjhX) and then the semi-discrete system for the problem 

becomes

-Pet -Wj-J
9

Equations (2.10)-(2.15) constitute a system of nonlinear Initial Boundary Value Problem 

(IBVP) and are solved numerically using a semi-discretization finite difference method 

known as method of lines. A partition of the spatial interval 0 < r] < 1 into N equal parts is

(^,-20,+£,_,) 
(A//)2

~0i-\

2Ar/

-Pe. (^+1 ~2^ +^,) 
(A?7)2

+ £cPre-/”?(

with initial conditions

^(0) = ^(0) = 0, ^(0) = l„

The equations corresponding to the first and last grid points are modified to incorporate the 

boundary conditions as follows

Pr—- 
dt

+ IND----------------------- ~
4(A7)2

wi+x -w, 
2A?7

dW, .---- - = A + e 
dt

sAAL 
dt

| Nt (Ol+X -20, + fl_,)
Nb (A?/)2



(2.27)

2.5 Results and Discussion

2.5.1 Effects of parameter variation on velocity profiles
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Numerical solution for the representative velocity field, temperature field, nanoparticles 
concentration, skin friction, Nusselt number, Entropy generation rate and Bejan number have 
been carried out by assigning some arbitrary chosen specific values to various thermophysical 
parameters controlling the flow system (see Figures 2.2-2.35). Following Hwang et al (2007), 
the Prandtl number (Pr) of the pure water base nanofluid under consideration is assigned the 
value 6.2.

Figures 2.1-2.6 depict the effects of various physical parameters on the nanofluid velocity 
profiles. Generally, the velocity profile is maximum along the channel centreline and 
minimum at the walls. This can be attributed to the strong boundary layer effects at the walls 
due to the nanofluid viscosity and the impose no-slip condition at the walls. It is noted in 
Figures 2.2-2.3 that as time/ increases the velocity increases across the channel until it 
attains a steady state profile for a given set of parameter values. Figure 2.4 shows that the 
nanofluid velocity profile decreases with increasing convective cooling at the walls as the 
Biot number Bi increases. This may be attributed to increasing rate of heat loss at the channel 
walls leading to an increase in the nanofluid thickness and a decrease in the flow speed. In 
Figure 2.5, we observed that the nanofluid velocity increases with a decrease in the viscosity 
due to an increase in the temperature. This is expected, since as 0 increases, the fluid 
viscosity decreases due to a rise in temperature, consequently, the fluid becomes lighter and 
flow faster. Similar trend is observed in Figure 2.6 with an increase Eckert number Ec due to 
viscous dissipation. The nanofluid kinetic energy increases with viscous heating; this 
invariably leads to a decrease in the fluid viscosity and an increase in velocity profile.

^N+\ = HN-Nt

iv+i ~ 0,W2 = ^1, &2 = ^1 > #2 =

(^1 ) 

Nb
There is only one independent variable in equations (2.23)-(2.27), so they are first order 
Ordinary Differential Equations (ODE) with known initial conditions. The resulting initial 

value problem can be easily solved iteratively using Runge-Kutta-Fehlberg integration 
technique using MATLAB, see Na, (1979) for example. From the process of numerical 
computation, the skin-friction coefficient and the Nusselt number in equation (2.18) are also 
worked out and their numerical values are presented.
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Figure 2.6: Velocity profiles with increasing Ec

2.5.2 Effects of parameter variation of temperature profiles
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Figures (2.7-2.11) illustrate the effects of unsteadiness and parameter variation on the 

temperature profiles. In Figures 2.7-2.8, we observed the nanofluid temperature increases 

across the channel with time and space. However, the temperature tends to be lower within 

the channel centreline region. Figure 2.9 shows that the fluid temperature decreases across 

the channel with increasing convective cooling due to increasing heat loss to the ambient 

surrounding from the walls. As P increases the nanofluid viscosity decreases, consequently, 

the kinetic energy of nanoparticles increase and a rise in nanofluid temperature is observed as 

shown in Figure 2.10. Similar trend is noticed with increasing Ec in Figure 2.11, the 

nanofluid temperature increases due to an increase in the viscous heating effect.
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Figure 2.5: Velocity profiles with increasing p
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Figure 2.10: Temperature profiles with increasing p
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Figure 2.11: Temperature profiles with increasing Ec

2.5.3 Effects of parameter variation on nanoparticles concentration
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Nb = 0.1, Nt = O.l
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Figures (2.12-2.18) depict the effects of various physical parameters on the nanoparticles 
concentration profile. It is observed that the concentration of nanoparticles increases along 

the channel centreline region 0 <77 <0.5 and decreases near the walls as time increases as 

shown in Figures 2.12 -2.13. Figure 2.14 shows a decrease in nanoparticles concentration 
within the centreline region and increase in concentration near the walls as the Bi increases. 
This may be attributed to the fact that kinetic energy of the nanoparticles increases towards 
the wall with a rise in convective heat loss to the ambient. In Figures 2.15-2.16, a rise in 
nanoparticles concentration towards the channel centrdijoe^ region is observed with an

/• . ’A «<,D1T£--------- J) r.1



motion of particles (Brownian motionNb) in a fluid as shown in Figure 2.18 may cause a
increase of

nanoparticle concentration near the walls.
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Figure 2.12: Nanoparticles distribution with increasing time
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Figure 2.13: Nanoparticles distribution with increasing time
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increase in p and Ec. Interestingly, as the p and Ec increases, the nanofluid viscosity 
decreases while the temperature and velocity increase towards the channel centreline, 
consequently, the nanoparticles concentration along the centreline region increases and the 
concentration near the walls decreases. Similar trend was revealed in Figure 2.17 with 
increasing thermophoresis effect M due to temperature gradient, leading to an increase in 
nanoparticles concentration towards the channel centreline region. Moreover, increasing

0.990 -.
0

Nt = 0.1, Nb = 0.1
Ec = 0.1, A = 1, Sc = 1
Pr = 6.2, Bi = 1, P = 0.1

Nt = 0.1, Nb = 0.1
Ec = 0.1, A = 1, Sc = 1
Pr = 6.2, Bi = 1, P = 0.1

decrease in the nanoparticles concentration within centreline region and an
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Figure 2.14: Nanoparticles distribution with increasing Bi
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Figure 2.16: Nanoparticles distribution with increasing Ec
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nt> = o.i. Nt = o.i
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Figure 2.17: Nanoparticles distribution with increasing Nt
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2.5.4 Effects of parameter variation on skin friction and Nusselt number
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Table 2.1 below shows the effect of parameter variation on skin friction. The results showed 

that the skin friction at the channel walls increases with time and increasing parameter values 
of Bi, P, Nb and A. This may be attributed to a rise in velocity gradient at the walls due to 

combined effects of convective cooling, viscosity variation, Brownian motion and pressure 
gradient. Meanwhile, a decrease in skin friction is observed with increasing parameter values 

of Ec and Nt. In Figure 2.19, the results illustrate a rise in heat flux at the walls with time and 
increasing parameter values of Ec, Bi and fl. It is evidence that a decrease in the fluid

Nb = 0.1, Ec = 1 \
P = 0.1, Sc = 1, Pr = <5.2 
A = 1, t = 3, Bi = 1

Nt = 0.1, Ec = 1 \
p = 0.1, Sc = 1, Pr = 6.2 
A = 1, t = 3, Bi = 1

1.00 -

0.6



Table 2.1: Computation showing the skin friction Pr = 6.2, Sc = 1.

T Bi P Ec Nt Nb A Cf
1.0 1.0 0.1 0.1 0.1 0.1 1.0 1.087385958
3.0 1.0 0.1 0.1 0.1 0.1 1.0 1.097675134
5.0 1.0 0.1 0.1 0.1 0.1 1.0 1.109142224

3.0 3.0 0.1 0.1 0.1 0.1 1.0 1.113883200

3.0 5.0 0.1 0.1 0.1 0.1 1.0 1.120076893

3.0 1.0 0.5 0.1 0.1 0.1 1.0 1.656399435

3.0 1.0 1.0 0.1 0.1 0.1 1.0 2.854667188

3.0 1.0 0.1 0.5 0.1 0.1 1.0 1.070051922

3.0 1.0 0.1 1.0 0.1 0.1 1.0 1.032125297

3.0 1.0 0.1 0.1 0.3 0.1 1.0 1.083224047

0.5 1.0 1.0687741873.0 1.0 0.1 0.1 0.1

1.0 0.1 0.1 0.1 0.3 1.0 1.1024924753.0

1.1034559430.1 0.1 0.5 1.03.0 1.0 0.1

0.1 2.0 1.1924327940.1 0.1 0.13.0 1.0

0.1 0.1 3.0 1.2828858250.1 0.13.0 1.0

2
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2 31 4 5

t

Figure 2.19: Nusselt number profiles
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Nt =0.1, Nb = O.l
A = 1, Sc = 1, Pr = 6.2

Bi = 1, 2, 3 
---------p = 0.3, 0.6, 1 
ooooEc = O.l, 0.3, 0.6

viscosity coupled witn the combined increase m viscous heating and convective cooling 

increase the temperature gradient at the channel walls, consequently, the Nussclt number 
increases.

o 
o



2.5.5 Effects of parameter variation on entropy generation rate
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Figure 2.20: Entropy generation with increasing time
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Figures 2.20-2.26 illustrate the effect of parameter variation on entropy generation rate across 

the channel. From Figures 2.20-2.21, the results revealed that the entropy generation rate 

increase with time and is minimum along the channel centreline and maximum at the walls. 

This may be attributed to the fact the entropy production depends on velocity, temperature 

and nanoparticles concentration gradients which vanish along the channel centreline, leading 

to the minimum entropy generation within this region. Moreover, increase in Biot number 

decreases the entropy generation within the channel but increases the entropy generation at 

the walls as shown in Figure 2.22. In Figures 2.23-2.24, we observed a general increase in 

entropy production across the channel with increasing viscous heating and a decrease in the 

nanofluid viscosity. Similar trend is observed in Figure 2.25 with increasing entropy 

production as the pressure gradient increases. This is because, mixtures of nanoparticles in 

the fluid with different responses to the pressure gradient increases velocity gradient, 

consequently, entropy generation rate increases. Figure 2.26 shows that an increase in 

thermophoresis effect due to temperature gradient increases the entropy generation rate 

within the channel and at the walls.

Nt = 0.1, Nb = 0.1, Bi = 1 
Ec = 1, Sc = 1, Pr = 6.2 
p = l, A = 1, 1=1

o4 o
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Figure 2.21: Entropy generation with increasing time
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Figure 2.22: Entropy generation with increasing Bi
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Figure 2.23: Entropy generation with increasing Ec
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Nt = 0.1, Nb = 0.1, t = 3 
p = 0.1, Sc = 1, Pr = 6.2 
Bi = 1, A = 1, X = 1

Nt = 0.1, Nb = 0.1, t = 3 
Ec = 1, Sc = 1, Pr = 6.2 
P = 0.1, A = 1, X = 1

N’t =■ O.X, Nb *= O.X, BI — x 
Ec = X, Sc = X, I*r = <5.2 
P=1»A=X, X=X

Ti ■= O.X, 0.3, 0.5, 0.7
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Figure 2.24: Entropy generation with increasing p
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Figure 2.25: Entropy generation with increasing A
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Figure 2.26: Entropy generation with increasing Nt
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Nt = O.X, Nb = O.X, * = 3 
Ec = X, Sc= X, Pr = 6.2 
Bl = X, A = X, Z = X

Ec = X, Nb = O.X, t = 3 
P = O.X, Sc= X, Pr = 6.2
Bi = X, Nt = O.X, X = X

Ec = 0.1, Nb = 0.1, t = 3 
p = 0.1, Sc = 1, Pr = 6.2 
Bi = 1, A = 1, X = 1
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2.5.6 Effects of parameter variation on Bejan number
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Figure 2.27: Bejan number with increasing time
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Nt = 0.1, Nb = 0.1, Bi = 1 
Ec = 1, Sc = 1, Pr = 6.2 
P = 1, A = 1, X = 1

o -4- 
o

The variation in the Bejan number with time and the transverse distance is shown in Figures 

2.27-2.35 for different parameters. In Figures 2.27-2.28, the results showed that Bejan 

number increases with time within the channel and at the walls. Moreover, maximum value 
of Bejan number is noticed along the channel centreline region as compared to the walls. 

Clearly, increasing Bejan number indicates a rise in the dominant effects of heat transfer and 
nanoparticles mass transfer irreversibility along the centreline region and at the walls. The 

results illustrate that a region very close to the walls exists where the Bejan number is zero 

and the irreversibility is dominated by the fluid friction. Figure 2.29 shows that the Bejan 

number decreases along the centreline region and increases near the walls with a rise in 
convective cooling, consequently, the dominant effect of fluid friction irreversibility 

increases along the centreline region while the heat and mass transfer irreversibilities effect 

dominates along the walls. In Figures 2.30-2.34, we observed that the Bejan number 

increases along the centreline region and at the walls with an increase in the parameter values 

of p, Ec, A, Nt and A. This implies that a decrease in nanofluid viscosity coupled with 
combined increase in the viscous heating, thermophoresis and pressure gradient may enhance 
the dominant effect of heat and mass transfer irreversibilities along the centreline region and 

at the walls.
As the Brownian motion parameter Nb increases, the dominant effects of fluid friction 

irreversibility are enhanced both along the channel centreline region and at the walls as 

illustrated in Figure 2.35.

Be
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Figure 2.28: Bejan number with increasing time
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Figure 2.29: Bejan number with increasing Bi
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Figure 2.30: Bejan number with increasing p
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Nt = 0.1, Nb = 0.1, Bi = 1
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P = 1, A = 1, X = 1
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Nt = 0.1, Nb = 0.1, t = 3 
Ec = 1, Sc = 1, Pr = 6.2 
p = 0.1, A = 1, X = 1

0 -■
0

0.3 -

Be



0.3 -

Ec = 0.1, 0.5, 1, 1.5
0.2 -Be

o.i -

0.2 0.4 0.80.6 1

Figure 2.31: Bejan number with increasing Ec
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Figure 2.32: Bejan number with increasing X
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Figure 2.33: Bejan number with increasing Nt
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Nt = 0.1, Nb = 0.1, t = 3 
P = 0.1, Sc = 1, Pr = 6.2 
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Figure 2.34: Bejan number with increasing A
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Figure 2.35: Bejan number with increasing Nb

2.6 Conclusions

• The nanofluid velocity and temperature profiles increase with an increase in t, p, Ec

but decreases with an increase in Bi.

32

variable viscosity water based nanofluids with convective heat exchange with the ambient at 

the walls are numerically investigated. Using a semi discretization finite difference method

together with Runge-Kutta Fehlberg integration scheme, the model nonlinear initial boundary 

value problem is tackled. Some of the results obtained can be summarized as follows:

Ec = 1, Nt = 0.1, t = 3 
p = 0.1, Sc = 1, Pr = 6.2 
Bi = 1, A = 1, X = 1

Ec = 1, Nb = 0.1, t = 3
P = 0.1, Sc = 1, Pr = 6.2
Bi = 1, Nt = 0.1, X = 1

• The nanoparticles concentration increases along the centreline region and decrease 

near the walls with an increase in /, P, Ec, Nt. However, an increase in Bi and Nb

o -- 
o

o 4 o

The flow structure, heat transfer and entropy generation in unsteady channel flow of a
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• The skin friction increases with /, P, Ec, Nt and A but decreases with Ec and Nt. The 

Nusselt number increases with t, Ec, Bi and p.

• Entropy generation rate generally increases with t, Ec,p, A, Nt. Increase in Bi increase 

entropy generation at the walls but decreases entropy generation within the channel.

• Bejan number within the centreline region and at the walls increases with t, Ec, p, A, 
Nt and A, consequently, the dominant effects of heat transfer and nanoparticles mass 

transfer irreversibilities increase.
Finally, from the above, we conclude that with careful combination of parameter values, the 
entropy production within the channel flow of variable viscosity water base nanofluid in the 

presence of convective cooling can be minimised.

causes a decrease in nanoparticles concentration along the centreline region and 
concentration increase near the walls.



CHAPTER THREE

Abstract
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The knowledge of buoyancy driven flow and heat transfer in a vertical channel has many 

significant engineering and industrial applications; for example, geothermal engineering, 

solar-collectors, petroleum reservoirs, thermal insulation of buildings, nuclear waste 

repositories, electrical and microelectronic equipment containers. Ostrach (1972) and Khalifa 

(2001) presented a review of heat transfer due to natural convection. Yang et al (2012) 
studied forced convection in a channel with transverse fins. The problem of unsteady natural 
convection flow between two vertical parallel plates with one plate isothermally heated and 
the other thermally insulated was numerically studied by Jha and Ajibade (2010). Lee et al 
(2012) developed a computational model to investigate the cooling effect on the microchip of 
synthetic jet interacting with a cross-flow in a micro-channel. Meanwhile, engineering

Second Law Analysis of Buoyancy Driven Unsteady Channel Flow of Nanofluids with 
Convective Cooling2

We investigate the combined effects of buoyancy force and convective cooling on entropy 

generation in unsteady channel flow of water based nanofluids containing Copper (Cu) and 

Alumina (AI2O3) as nanoparticles. Both first and second laws of thermodynamics are utilised 

to analyse the model problem. Using a semi discretization finite difference method together 

with Runge-Kutta Fehlberg integration scheme, the governing partial differential equations 

are solved numerically. Graphical results on the effects of parameter variation on velocity, 
temperature, skin friction, Nusselt number, entropy generation rate, irreversibility ratio and 

Bejan number are presented and discussed.
Keywords: Channel flow; Nanofluids; Buoyancy force; Heat transfer; Entropy generation; 

water; Copper; Alumina

2This chapter is based on the paper:

Mkwizu, M. H., Makinde, O. D„ and Nkansah-Gyekye, Y. (2015). Second law analysis of buoyancy driven 
unsteady channel flow of nanofluids with convective cooling. Applied and Computational Mathematics, Vol. 4, 
No. 3, pp. 100-115, ISSN: 2328-5605 (Print); ISSN: 2328-5613.

3.1 Introduction
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Moreover, all thermo-nanofluidic processes involve irreversibilities and therefore incur an 
efficiency loss. In practice, the extent of these irreversibilities can be measured by the entropy 
generation rate. The pioneer work on entropy generation in flow systems was conducted by 
Bejan Bejan (1982) and Bejan (1996). He showed that the engineering design of a flow and 
thermal systems could be improved through minimizing the entropy generation. A lot of 
literature is available relating to the study of entropy generation effects in pure fluids with 
different geometrical configurations and situations Makinde and Aziz (2010). There are only 
a few studies that consider the second thermodynamic laws in the presence of nanofluids. The 
entropy generation and natural convection in a square cavity with a vertical heat source which 
is filled with copper-water nanofluid was studied by Shahi et al (2011). They found that the 
entropy generation decreases with the solid volume fraction. Mahmoudi et al (2012) 
conducted a numerical study on the entropy generation due to natural convection cooling of a 
nanofluid in a partially open cavity. Their results showed that the presence of nanoparticles is 
less effective in enhancement of the Nusselt number and in the reduction of the entropy

applications of conventional heat transfer fluids such as water, ethylene glycol, and engine oil 
are limited due to their low thermal properties. A potential solution to improve these thermal 
properties is to add nanoparticles into the conventional fluids, hence forming so-called 
nanofluids (Choi, 1995). Recently, much attention has been paid to this new type of 
composite material, due to its enhanced properties and behaviour associated with heat 

transfer. Therefore when applied to heat transfer system, nanofluids are expected to enhance 
heat transfer compared with conventional liquids. Anoop et al (2009) conducted an 
experimental investigation for a convective heat transfer characteristics, in the developing 
region of a tube flow, with alumina-water nanofluid. They found that the enhancement of 

heat transfer coefficient of alumina nanofluids depended on particle sizes and the convective 
heat transfer coefficient of nanofluids was enhanced with increasing nanoparticle 
concentration. Khanafer et al (2003) presented a theoretical analysis for buoyancy-driven 
heat transfer enhancement in a two-dimensional enclosure utilizing nanofluids. Abu-Nada 
(2008) reported the application of nanofluids for heat transfer enhancement of separated flow 

encountered in a backward facing step. Mutuku-Njane and Makinde (2014) conducted a 
numerical study on the effects of magnetic field on nanofluid flow and heat transfer over a 
permeable vertical plate with convective cooling. Grosan and Pop (2012) presented a 
numerical solution for the problems of fully developed mixed convection in a vertical 
channel filled with nanofluids.
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figure 3.1: Schematic diagram of the problem under consideration
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generation. Makinde et al (2013) numerically studied the entropy production and 

irreversibility due to flow and heat transfer of nanofluids over a moving flat surface. It was 

found that the entropy generation can be minimized by appropriate combination of parameter 

values together with nanoparticlcs volume fraction.

Mkwizu and Makinde (2015) did a research on entropy generation in a variable viscosity 

channel flow of nanofluids with convective cooling. Results revealed that, general increase in 

entropy production across the channel with increasing viscous heating, pressure gradient and 

a decrease in nanofluid viscosity.

The main originality of the present work is the second law analysis due to unsteady natural 

convection in a vertical channel filled by Cu-water and AhOj-watcr nanofluids in the 

presence of convective cooling at the channel walls. To the best of authors’ knowledge, no 

such a study which considers this problem has been reported in the literature yet. The 

numerical analysis has been performed for a wide range of Grashof number, solid volume 

fraction parameter, Biot number and Eckert number. The results are presented in the form of 

velocity and temperature profiles, skin friction and Nusselt number, entropy generation and 

Bejan number. Pertinent results are discussed with the help of graphs and tables.

x

Nine flu tis

u = 0

Consider unsteady laminar flow of viscous incompressible nanofluids containing Copper 

(Cu) and Alumina (AI2O3) as nanoparticles through a vertical channel. It is assumed that the 
channel walls exchange heat with the ambient surrounding following the Newton’s law of 

cooling. Take a Cartesian coordinate system (x, y) where x lies along the centre of the 

channel, is the distance measured in the normal direction as depicted in Figure 3.1 below;



(3.1)

(3-2)2
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(3.3),T =
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d2T , anfPnf (

a>f =

In accordance with the Boussinesq approximation, all the fluid properties are assumed to be 
constant except the density variation with temperature in the buoyancy force term. The 
Navier-Stokes nanofluids momentum and energy balance equation in one dimension under 
the Boussinesq approximation for the transient channel flow can be written as 

du _ 1 dP P,f d2u , gZ?n/
dt p..r dx o..r dv pnf

dT 
dt

(T-Tw),

are the heat capacitance of the base fluid and the nanoparticle respectively. Itand (pcj

worth mentioning that the use of the above expression forknf, is restricted to spherical 

nanoparticles given by Maxwel (1904) and does not account for other shapes of 
nanoparticles. Also, Brinkman (1952) approximation has been employed to approximate the 

effective viscosity of the nanofluid /zn/as viscosity of a base fluid /^containing dilute 

suspension of fine spherical particles. The initial and boundary conditions are given as 

follows:

P,,/ =tt~<P')Pf+<PP;,

(pcp), k„f 
(pCp), ’ kf

Khanafer et al (2003)

(1-^)
k„f r = (pCp), knf = « + 2k/)-2<p(k/-kJ)

(.pcp\f' (pcp)/k/ {ks+2.kf) + (p{kf-ksy

(pCp),,/ =(1-«’)(Z^P)/ + <P(pcp)s,P„f =(\-<P')Pf0f+(PPsP,

The nanoparticles volume fraction is represented by cp ($? = 0 correspond to a regular fluid), 

pzand pvare the densities of the base fluid and the nanoparticle respectively, Pf and £are 

the thermal expansion coefficients of the base fluid and the nanoparticle respectively, kf and 

ks are the thermal conductivities of the base fluid and the nanoparticles respectively, (pcp)^

+ —- 
k.

1 gP | A/,/ +
Pnf & Pnf fy2

nf

where u is the nanofluid velocity in the x-direction, Tis the temperature of the nanofluid, P is 

the nanofluid pressure, i is the time, a is the channel half width, Tw is the ambient 

temperature, pn/ is the dynamic viscosity of the nanofluid, knf is the nanofluid thermal 

conductivity, pn/ is the density of the nanofluid, Pnf\s volumetric expansion coefficient of 

the nanofluids and a„f is the thermal diffusivity of the nanofluid which are given by



(3.4)

(3.5)

(3-6)

where Tw is the ambient temperature. Table 1 below presents thermo physical properties of

water, copper and alumina at the reference temperature.

AI2O3Cu

7653854179

39708933997.1

404010.613

0.85x101.67x1021x10

0 =

(3.7), Ec -

T = ,m =

+ nGrO, (3-8)

Pr£c (3-9)
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'dW

Fluid phase 

(water)

The dimensionless governing equations together with the appropriate initial and boundary 

conditions can be written as:

Table 3.1: Thermophysical properties of the fluid phase (water) and nanoparticles

Physical properties

cP (J/kg K) 

p(kg/m3) 

k(W/m K) 

W)

x „ PfgT„a ~_y
a' vj ’ ' a 

(ks +2k/) + <p(kf-ks) 

(ks + 2k/)-2<p(Jc/-kJ)

-,n = ?, Pr =

u(a,i) = 0,-k„, = KT(a,t)-TJ,
dy

T— Tv
T M'

A = -^~, X = -,Gr =
dX

(PC p) s

(PCp^f

We introduce the dimensionless variables and parameters as follows:

Pfa2P 
p} ’

dl‘
— = —- (0,t) = 0, (axial-symmetric conditions)
dy dy

se i d2e
Pr— - ------------------------ -  +

w(l -(p + cpv) dry

HQ t U f
, W = —, t = -^- 

vf a
..2

Pfcrf Ec_. uf 
k^ CpjTva

{\-(/> + <l)pspsl Pfpf)
+ pf)

dO
dt

Pf

Pf

dW A _________ 1 d2W
dt ^-(p + (ppslpf) ^-(p + (pps<Pf\^-<p)2i d02

2



with

(3.10)

(3.11)

(3.12)

(3.13)

is the wall shear stress and qw is the heat flux at the channel walls given by

(3-14)
y=a

dq (3.15)• at 77 = 1.

3.3 Entropy Analysis

(3-16)
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dT
Sy fy)

The first term in equation (3.16) is the irreversibility due to heat transfer while the second 
term is the entropy generation due to fluid friction. Using equation (3.7), we express the 
entropy generation number in dimensionless form as,

C/ =

If

cf=-

The second law of thermodynamics is an important tool to scrutinize the irreversibility effects 
due to flow and heat transfer. Thermodynamic irreversibility is closely related to entropy 
production. Convection process involving channel flow of nanofluids is inherently 
irreversible due to the exchange of energy and momentum, within the nanofluid and at solid 
boundaries. Following Woods (1975), the local volumetric rate of entropy generation is 
given by

where r w>

a2r
-----T, Nu =
PfVf

>
y=a

Substituting equations (3.14) into (3.13), we obtain

1 dtf]
(l-^)25

.. 1 90Nu =---------
m dr]

du 
dy

W(j],Q) = 0, 0(7],0) = 0

dW rr, , d0
^-(0,/) = —(0,/) = 0 dr) di]

^(1,0 = 0, — (l,/) = -wB/0(l,r), 
5/7

where Bi is the Biot number, Gris the Grashof number, Pr is the Prandtl number, Ec is the

Eckert number and A is the pressure gradient parameter. The quantities of practical interest in

this study are the skin friction coefficient Cf and the local Nusselt number Nu are defined as

2 +/f# (3“ 
T w

, 9T



Ns = (3.17)

2

(3.18)

(3.19)

3.4 Numerical Procedure

(3.20)

(3.21)
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d6 
dt]

The nonlinear IB VP in equations (3.8)-(3.l2) are solved numerically using a semi­

discretization finite difference method known as method of lines Na (1979). We partition the 

spatial interval 0 < // < I into N equal parts and define grid size Arj = \/N and grid 

points r/i = (z - l)A/7, 1 < i < N+1. The discretization is based on a linear Cartesian mesh and 

uniform grid on which finite-differences are taken. The first and second spatial derivatives in 

equations (3.8)-(3.9) are approximated with second-order central finite differences.

m

dW, 
dt

p <&>
Pr—- = 

dt

' dW 
<d7l)9

The irreversibility distribution ratio is define as O = N2/N1. Heat transfer irreversibility 

dominates for 0 < <I> < 1 and fluid friction irreversibility dominates when <I>>1. The 

contribution of both irreversibilities to entropy generation are equal when 0=1. We define 

the Bejan numbers {Be) mathematically as

Ns 1 + 0

Equation (3.19) shows that the Bejan number ranges from 0 to 1. The zero value of the Bejan 

number corresponds to the limit where the irreversibility is dominated by the effect of fluid 

friction while Be = 1 is the limit where the irreversibility due to heat transfer dominates the 

flow system. The contribution of both heat transfer and fluid friction to irreversibility are the 

same when Be = 0.5.

m

+ nGr0i,

(fl+i -26, +£,_,) 
w(l -$9 + ^t)(Az7)2
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az/y

where Br = EcPr is the Brinkmann number. Let
2 

, ^2 =
Br

Br 
(l-^)25 dtl J ’

2 a d

IV -IV V 
"1+1 "l-l

2A? J ’
_____ Ec Pr_____

+ (l-p + pr)(l-#5

Let W, (t) and 6i (/) be approximation of W(t]ltt) and0(z;(,/), then the semi-discrete system 

for the problem becomes

A f (^.-2^+^)
(\-<p + <pps/ pf) (X-tp + tpp,! p{ )(1 - (rf5 (A 77)2
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3.5 Results and Discussions

3.5.1 Effects of parameter variation on velocity profiles
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with initial conditions

^(0) = ^(0) = 0, , l<z<N+l. (3.22)

The equations corresponding to the first and last grid points are modified to incorporate the 
boundary conditions as follows

^2=<7p ”^+i=0, (3.23)

Equations (3.20)-(3.23) is a system of first order ODEs with known initial conditions and can 

be easily solved iteratively using Runge-Kutta Fehlberg integration technique Na (1979) 
implemented on computer using MATLAB. From the process of numerical computation, the 

skin-friction coefficient and the Nusselt number in equation (3.15) are obtained and their 
numerical values are presented.

Figures 3.2-3.3 depict the transient effects on the nanofluids velocity profiles. Generally, the 

velocity increases with time for a given set of parameter values until a steady state profile is 

achieved as shown in Figure 3.2. For instance the steady state velocity profile is attained at r 

= 3.5. Interestingly, the Al2Ch-water nanofluid tends to flow faster than Cu-water nanofluids 
as shown in Figure 3.3. This may be attributed to the high density of Cu nanoparticle as 
compare to AI2O3 nanoparticle. Moreover, the velocity profile is parabolic in nature with 
maximum value along the channel centreline and the minimum value at the walls. Figures 
3.4-3.7 illustrates the effects of parameter variation on the velocity profiles with Cu-water as 
the working nanofluid. An increase in nanoparticles volume fraction causes a decrease in the 
velocity profile as shown in Figure 3.4. This is expected since both density and the dynamic

alumina (J/2O3) as nanoparticles are considered. The Prandtl number of the base fluid 

(water) is kept constant at 6.2 and the effect of solid volume fraction is investigated in the 

range of0<^<0.3. Numerical solution for the representative velocity field, temperature 

field, skin friction, Nusselt number, Entropy generation rate and Bejan number have been 
carried out by assigning some arbitrary chosen specific values to various thermophysical 
parameters controlling the flow system (see Figures 2-29). The detailed discussion and 
graphical representation of the results of above equations are reported in this section.

Pure water and water-based Newtonian nanofluids containing copper (Czz) and
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Figure 3.3: Nanofluids velocity profiles across the channel with increasing time
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viscosity of the nanofluid increase with increasing nanoparticlcs volume fraction leading to 

decrease in the velocity. In Figures 3.5-3.7, a rise in the nanofiuid velocity is observed with 
an increase in Grashof number, Eckert number and the pressure gradient parameter. As G’r 

increases, the thermal buoyancy effect increases due to temperature gradient, leading to an 

increase in velocity profile. Similar effect of increasing velocity results from increasing 
viscous dissipation within the flow system as Ec increases.

IV o.io-

Cu-Water 
-^44,0 -Water 2 3 _

Cu-Water
-XI O-Water

2 3



0.5 —<

Cu- Water
0.4-

0.3 -

IV
0.2 -

0.1 -

0.2 0.4 0.6 0.8 1

Figure 3.4: Nanofluid velocity profiles with increasing

0.4

Cu-Water0.3 -

Gr = 0.1, 1, 2, 3
IV 0.2 -

0.1 -

0.8 10.60.40.2

7?

Figure 3.5: Nanofluid velocity profiles with increasing Gr

0.4

Cu-Water0.3-

IV 0.2-

0.1 -

0.8 10.60.4

7?
Figure 3.6: Nanofluid velocity profiles with increasing Ec

43

—r~
0.2

<p = O, 0.1, 0.2, 0.3
Bi =1O, Ec = 0.1 
A = 1, Gr = 0.1 
-r = 5

Bi =1O, Ec = O.l
A = 1, <p = O.l 
XT = 5

Ec = 0.1, 0.5, 1, 2 
Bi =10, Gr = 0.1 
A = 1, <p = 0.1 
T= 5

04 o

o 4 o

o 4 
o



1.5-

Cu-Water

1 -

w
A= 1, 2, 3, 40.5-

0.4 0.6 0.8 1

7]

Figure 3.7: Nanofluid velocity profiles with increasing A

3.5.2 Effects of parameter variation on temperature profiles
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In Figures 3.8-3.9, the transient effects on the nanofluids temperature profiles are displayed. 
The temperature increases with time for a given set of parameter values until a corresponding 
steady state profile is achieved as shown in Figure 3.2. The steady state temperature profile is 

attained at t = 8. It is noteworthy that the steady state velocity profile is attained earlier than 

that of temperature profile as shown in Figure 3.8. Interestingly, the temperature of AI2O3- 
water nanofluid rises higher than that of Cu-water nanofluids as shown in Figure 3.9. 
Moreover, the temperature profile attains its maximum value within channel and the 
minimum value at the walls due to convective heat loss to the ambient. Figures 3.10-3.14 
illustrates the effects of parameter variation on the temperature profiles with Cu-water as the 
working nanofluid. As the nanoparticles volume fraction increases, a decrease in the 
temperature profile is observed as shown in Figure 3.10. Similarly trend of a decrease in 
temperature is noticed with a rise in Biot number due to a convective cooling at the walls as 
shown in Figure 3.11. In Figures 3.12-3.14, a rise in the nanofluid temperature is observed 
with an increase in Grashof number, Eckert number and the pressure gradient parameter. This 
increase in temperature can be attributed to the combined effects of buoyancy force and 

viscous dissipation.
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T = 504
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Figures 3.15-3.18 illustrate the effects of parameter variation on skin friction and Nusselt 

number. In Figure 3.15, it is observed that the skin friction decreases with an increase in 

nanoparticles volume fraction. This is due to a decrease in the velocity gradient at the channel 

walls. Moreover, the skin friction produced by Cu-water nanofluid is higher than the one
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Figure 3.15: Skin friction with increasing $

produced by A^Ch-water nanofluid. Interestingly, the skin friction increases with an increase 
in buoyancy force and viscous dissipation (i.e. Gr, Ec) but decrease with increase in 
convective heat loss at the walls to the ambient (i.e Bi) as illustrated in Figure 3.16. Figure 
3.17 shows that the heat flux at the channel walls decreases with an increase in nanoparticlcs 
volume fraction due to a fall in the temperature gradient. The Nusselt number produced by 
Cu-water nanofluid is higher than that of A^Ch-water nanofluid. Hence, Cu-water may serve 
as a better heat transfer nanofluid and compare to AljOj-water. Meanwhile, the Nusselt 
number increases with an increase in buoyancy force and viscous dissipation but decrease 
with increase in Biot number as illustrated in Figure 3.18. This may be attributed to an 
increase or a decrease in the temperature gradient at the walls with a rise in parameter values.
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Figure 3.19 depicts the transient effect on the entropy generation rate across the channel. The 
entropy production increases with time for a given set of parameter values. Interestingly, the 
entropy generated by AhCh-water nanofluid is higher than that of Cu-water nanofluids as 
shown in Figure 3.19. Generally, minimum entropy is produced along the channel centreline 
region due to the zero velocity and temperature gradients, however, the entropy production 
increases towards the channel walls. A fall in entropy generation rate is observed with an 
increase in nanoparticles volume fraction and Biot number as shown in Figures 3.20-3.21. 
This is due to the fact that both velocity and temperature gradients within the channel 

decrease as <p and Bi increases. Figures 3.22-3.24 show that the entropy generation rate 
increases with increasing parameter values of Gr, Ec and A. Both velocity and temperature 
gradients increase as the buoyancy force, viscous dissipation and pressure gradient increase, 
leading to a rise in entropy production.
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Figure 3.19: Entropy generation rate with increasing time
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Figure 3.24: Entropy generation rate with increasing A

3.5.5 Effects of parameter variation on Bejan number
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Figure 3.25 illustrates the transient effect on the Bejan number across the channel. The Bejan 

number increases with time near the channel walls but decreases near the channel centreline. 

This can be attributed to a rise in the dominant effect of fluid friction irreversibility within the 

channel centreline region and the heat transfer irreversibility at the channel walls. It is

A = 1, 2, 3, 4
cp = 0.1, Gr = 0.1
Bi = 10, Ec = 0.1

Ec = O.l, 0.5, 1, 2 
<p = 0.1, Gr = 0.1 
Bi = 10, A = 1

o 4 
o

o 4 
o

JVs 
10 -

I '"“I1
0.2

TVS'
6 -



implies an increase in dominant effects of fluid friction irreversibility as <p and Bi increase.
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interesting to note that the Bejan number produced by AhOj-watcr nanofluid near the walls is 
higher than that of Cu-water nanofluids. Figures 3.26-3.27 show a decrease in Bejan number 
near the walls with an increase in nanoparticles volume fraction and Biot number. This

Bi = 10, Ec = 0.1 
Gr = 0.1, A = 1

Moreover, as Gr, Ec and A increases, the Bejan number near the walls increases leading to a 
rise in the dominant effects of heat transfer irreversibility as shown in Figures 3.28-3.30.
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• The ABCh-water nanofluid tends to flow faster than Cu-water nanofluid and the 

velocity profile increases with Ec, Gr, A but decreases with (p.

• The temperature of ABOj-water nanofluid rises higher than Cu-water nanofluid and 

the temperature profile increases with Ec, Gr, A but decreases with (p and Bi.

• The Cu-water nanofluid produces higher skin friction than ABOj-water nanofluid and 

the skin friction increases with Ec, Gr but decreases with cp and Bi.

• The Cu-water nanofluid produces higher Nusselt number than ABOj-water nanofluid 

and the Nusselt number increases with Ec, Gr but decreases with (p and Bi.

• The ABCh-water nanofluid produces higher entropy than Cu-water nanofluid and the 

skin generation increases with Ec, Gr, A but decreases with (p and Bi.

• Fluid friction irreversibility dominants the channel centreline region while the effects 
of heat transfer irreversibility near the walls increases with Gr, Ec, A but decreases 

with cp and Bi.

A = 1, 2, 3, 4
<p = 0.1, Gr = 0.1 
Bi = IO, Ec = 0.1

o 4 o

The combined effect of buoyancy force and convective cooling on the unsteady flow, heat 
transfer and entropy generation rate in a water based nanofluids containing Copper (Cu) and 
Alumina (AI2O3) as nanoparticles was investigated. The nonlinear governing partial 
differential equations are solved numerically using a semi discretization finite difference 
method together with Runge-Kutta Fehlberg integration scheme. Our results are summarised 
as follows:

ICT6
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CHAPTER FOUR

Abstract

Keywords: Channel flows; Nanofluids; Couette flow; Entropy generation; Bejan number

4.1 Introduction
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3This chapter is based on the paper:

Mkwizu, M. H.» Makinde, O. D., and Nkansah-Gyekye, Y. (2015). Numerical Investigation into Entropy 
Generation in a Transient Generalized Couette Flow of Nanofluids with Convective Cooling. Sadhana - 
Academy Proceedings in Engineering Science, Vol. 40, Part 7, pp. 2073-2093.

This chapter investigates the effects of convective cooling on entropy generation in a 

transient generalized Couette flow of water based nanofluids containing Copper (Cu) and 

Alumina (AI2O3) as nanoparticles. Both First and Second Laws of thermodynamics are 

utilised to analyse the problem. The model partial differential equations for momentum and 

energy balance are tackled numerically using a semi discretization finite difference method 

together with Runge-Kutta Fehlberg integration scheme. Graphical results on the effects of 

parameter variation on velocity, temperature, skin friction, Nusselt number, entropy 

generation rate, irreversibility ratio and Bejan number are presented and discussed.

Numerical Investigation into Entropy Generation in a Transient Generalized Couette 

Flow of Nanofluids with Convective Cooling3

In this chapter the researcher looks on theoretical study of nanofluids heat transfer 

characteristics and entropy generation between two parallel plates, one of which is moving 

relative to the other under the combined action of axial pressure gradient and imposed 

uniform velocity on the upper plate known as generalised Couette flow. The study has 

application not only in a present mathematical fascinating problems but also find various 

applications in engineering and industrial processes such as tribological devices, cooling of 

heat exchanging devices, solar water heating, cooling of electronics, cooling of transformer 

oil, improving diesel generator efficiency, improving heat transfer efficiency of chillers, 

domestic refrigerator-freezers, cooling in machining and in nuclear reactor. Nanofluid is the 

addition of nanoscale particles into the base fluid like water, engine oil, ethylene glycol, etc.
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Knowledge of entropy production started from Clausius and Kelvin s studies on the 

irreversible aspects of the second law of thermodynamics. Since then the theories based on 

these foundations have rapidly developed Bejan (1982) and Bejan (1996). The main cause of 

entropy generation was found to be heat and mass transfer together with viscous dissipation

The research done by Choi showed that nanofluids possess enhanced thermophysical 

properties. Nanofluid may be considered as a single phase flow in low solid concentration 

because of very small sized solid particles. Several experimental and theoretical studies have 

been made on the flow of nanofluids in different geometries Choi et al (2001). The nanofluid 

in the enclosure was assumed to be in single phase. The results revealed that for any given 

Grashof number, the average Nusselt number increased with the solid volume concentration 
parameter.

Makinde and Eegunjobi (2013) did the study on thermodynamic analysis of variable viscosity 

magnetohydrodynamics (MHD) unsteady generalized Couette flow with permeable walls. 

The results illustrate that local entropy generation rate increases with group parameter but 

decreases with viscosity exponent. Increase in magnetic field parameter decreases entropy 

production at the moving upper plate while increase in Reynolds number decreases entropy 

generation at the lower fixed plate. Thermodynamic analysis of variable viscosity MHD 

unsteady generalized Couette flow with permeable walls was done by Theuri and Makinde 

(2014). The obtained result was that, the decrease in fluid viscosity increases the Bejan 

number while an increase group parameter Brd. '(where Q is temperature difference 

parameter and Br Brinkman number) decreases the Bejan number. Increase in Reynolds 

number increases Bejan number at the lower fixed plate and decreases Bejan number at the 

upper moving plate. The situation is reversed with increasing magnetic field.

The buoyancy effects on stagnation point flow and heat transfer of a nanofluid past a 

convectively heated stretching/shrinking sheet with or without magnetic field were 

considered by Makinde et al (2013) and Makinde (2013). Oztop and Abu-Nada (2008) 

considered natural convection in partially heated enclosures having different aspect ratio and 

filled with nanofluid. The results showed that the heat transfer was more pronounced at low 

aspect ratio and high volume fraction of nanoparticles. Wang and Mujumdar (2007) 

presented a comprehensive review of heat transfer characteristics of nanofluids. Detailed 

reports on convective transport in nanofluids can be found in Buongiorno (2006), Mutuku- 

Njane and Makinde (2014), Tiwari and Das (2007).
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The primary objective in designing a thermal system is the analysis of energy utilization and 

entropy generation. It has been the main concern in many fields such as heat exchangers, 

turbo machinery, electronic cooling, porous media and combustion. Several studies have 

thoroughly dealt with conventional fluid flow irreversibility due to viscous effect and heat 

transfer by conduction Narusawa (1998). Numerous investigations to calculate entropy 

production and irreversibility due to flow and heat transfer of nanofluids over a moving flat 

surface was considered by Makinde et al. (2013). Their observation was that, the entropy 

generation in the flow system can be minimized by appropriate combination of parameter 

values together with nanoparticles volume fraction.

In this chapter, we focus on the analysis of the effects of convective cooling and entropy 

generation rate in unsteady Couette flow channel of water base nanofluid. We have made use 

of a single component homogenous model in describing the nanofluids. The justification of 

this model is based on the fact that the particles sizes are of nano-meter (1-100 nm) and these 

particles are mechanically and chemically suspended into the base fluid. Consequently, the 

entire flow behaviour is similar to homogenous fluid with different thermophysical properties 

due to the presence of nano-sized particles. In addition, the single component homogenous 

model enables one to compare the flow/thermal behaviour of Cu-water nanofluid to that of 

AI2O3 -water nanofluid. We are fully aware of the Buongiomo (2006) models approach 

which incorporates the effects of thermophoresis and Brownian motion of nanoparticles. This 

model approach has been utilised in some of our earlier studies. Secondly, we have assumed 

no-slip condition at both the fixed lower plate and the moving upper plate, however, the 

movement of the fluid near the upper plate is due to the impose uniform velocity of the upper 

plate and the axial pressure gradient Makinde and Eegunjobi (2013) and Makinde and Theuri 

(2014).

in nanofluids and has remained untreated by classical thermodynamics. This motivates many 

researchers to conduct analyses of fundamental and applied engineering problems based on 

second law analysis with respect to nanofluid. Optimal designs of thermodynamic systems 

have been extensively suggested by the thermodynamic second law based on the concept of 

efficient energy use and the minimal entropy generation principle Woods (1975). Entropy 

generation minimization techniques may improve the efficiency and overall performance of 

all kinds of flow and thermal systems.
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Consider unsteady Couette flow of viscous incompressible nanofluids containing Copper 

(Cu) and Alumina (AI2O3) as nanoparticles. It is assumed that the upper wall moves with 

uniform velocity U at time t > 0 and exchange heat with the ambient surrounding following 

the Newton’s law of cooling. Take a Cartesian coordinate system (x, y) where x lies along the 

flow direction, y is the distance measured in the normal direction as depicted in Figure 4.1 

below;

u(y,t) Nanofluids

The mathematical model for the problem is formulated in the section 4.2. Entropy analysis is 

done in section 4.3. Both mathematical model and entropy analysis are numerically solved. 

Relevant results are displayed graphically and discussed in section 4.5. The final section 

concludes the chapter.

dT 
~^ = oc 
dt kf

------------------------►

u = Q T = TW y = 0

Figure 4.1: Schematic diagram of the problem under consideration

The Navier-Stokes nanofluids momentum and energy balance equation in one dimension for 

the transient flow can be written as 

dw
— = 0 
dx

d2T
”z dy2

y = a

►

f du

where u is the nanofluid velocity in the x-direction, T is the temperature of the nanofluid, P is 

the nanofluid pressure, t is the time, a is the channel width, T„ is the ambient temperature, 

is the dynamic viscosity of the nanofluid, knj is the nanofluid thermal conductivity, pnj 

is the density of the nanofluid and anf is the thermal diffusivity of the nanofluid which are

dy

4.2 Mathematical Model

du_   1 dP P„f d2u 
d~l P,/ 9x + pnf dy2
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Fluid phase 
(water)

Table 4.1: Thermophysical properties of the fluid phase (water) and nanoparticles

Physical properties

c/J/kg K) 

p(kg/m3) 

k(W/m K)

(^+2^)-2^z-^)
(<+2^) + ^-^) ’af =

Tj" > P,./=(1-^)P/+0A,

given by Tiwari and Das (2007). The dynamic viscosity of nanofluid is assumed to be 
temperature independent as follows:

(1-^)
k»f T_ (/*,), k„f 

(PCplnf’ (Pcp')/’kf 

(Pep),,/ =0-?))(pc/,)/+^(pc/,)J 

The nanoparticles volume fraction is represented by^ (^ = 0 correspond to a regular fluid), 

pzand pvare the densities of the base fluid and the nanoparticle respectively, kf and ks are 

the thermal conductivities of the base fluid and the nanoparticles respectively, and

are the heat capacitance of the base fluid and the nanoparticle respectively. It worth 

mentioning that the use of the above expression for£n/, is restricted to spherical nanoparticles 

given by Maxwel (1904) and does not account for other shapes of nanoparticles. Also, 
Brinkman (1952) approximation has been employed to approximate the effective viscosity of 

the nanofluid junfas viscosity of a base fluid /^containing dilute suspension of fine spherical 

particles. The initial and boundary conditions are given as follows: 

«(j/,0) = 0, T(y,0) = Tw, 

w(0,7) = 0, T(0j) = Tw,

u{a,t) = U,-knf = h(T(a,i)-Tw),
dy

where Tw is the ambient temperature which also corresponds to the lower wall temperature. 

Table 4.1 below presents thermo physical properties of water, copper and alumina at the 

reference temperature.



We introduce the dimensionless variables and parameters as follows:

9 =

(4.8)

, m =

(4.9)

Ec (4.10)

(4.H)

(4-12)FR(O,r) = 0(0,7) = 0

(4.13)

the local Nusselt number Nu which are defined as

(4.14)Nu =

(4.15)
y=a

(4.16)■ at 77 = 1.
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d0 
dt

The dimensionless governing equations together with the appropriate initial and boundary 

conditions can be written as:

with initial and boundary conditions

WW) =0(77,0) = 0

aT" Nu =
k/C

is the wall shear stress and qK is the heat flux at the channel walls given by

dW' 
dq

cf =

dW A_______  _______ 1 _______ tfW_
St Re (1-^ + 0/?/^)+ Re (l-0 + ^/pz)(l-^)25 d772

, dT
dy y=a y

Substituting equations (4.15) in equations (4.14) and using dimensionless variables, we

obtain

Pa
PfU'

U2
CP/To ’

_ Ua, Re = —

fin 
rr(i,z) = i, —= 

a?;

Physical quantities of practical interest in this problem are the skin friction coefficient Cf and

where tw

1
(l-^)25

1 dO
Nu =---------

m dr]

'g^Y 
Re (l-(0 + Ml-$O25l 577 ,

1 d29
----------------------------- — + 
m Pr Re(l - <f) + (/>t) dr/

k pr = - t = —
U’ a

du 
dy

Uf=— ,P =
Pf

Ec =
dX a a kf

{k5 +2kf') + </>(k/-k3)

(k,+2kf)-2^kf-kJ)

T-Tv

dP
dX

(Pcp\, 
<.PCp}f



4.3 Entropy Analysis

\2

(4-17)

Ns = (4-18)

Let

(4-19)

(4.20)
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dT 
dy)

dr/)
dW' 
drj) ’

where Br = EcPr is the Brinkmann number.

The first term in equation (4.17) is the entropy generation due to heat transfer while the 
second term is the entropy generation due to fluid friction. Using dimensionless variables 
from equation (4.8), we express the entropy generation number in dimensionless form as,

2

m

2

, ^2 =

+

m\J)r/

The irreversibility distribution ratio is define as $ = N2/N1. Heat transfer irreversibility 

dominates for 0 < O < 1 and fluid friction irreversibility dominates when 0 > 1. The 

contribution of both irreversibilities to entropy generation are equal when 0=1. We define 

the Bejan numbers (Be) mathematically as

L-
Ns 1 + cD

Equation (4.20) shows that the Bejan number ranges from 0 to 1. The zero value of the Bejan 
number corresponds to the limit where the irreversibility is dominated by the effect of fluid 
friction while Be = 1 is the limit where the irreversibility due to heat transfer dominates the 
flow system. The contribution of both heat transfer and fluid friction to irreversibility are the 

same when Be = 0.5.

Br
W)25

Br 
(1-0)25

om 
~T?

w

2 ciitf a o

kr

The second law of thermodynamics is an important tool to scrutinize the irreversibility effects 
due to flow and heat transfer. Thermodynamic irreversibility is closely related to entropy 
production. Convection process involving channel flow of nanofluids is inherently 
irreversible due to the exchange of energy and momentum, within the nanofluid and at solid 
boundaries. Following Woods (1975), the local volumetric rate of entropy generation is 
given by

+ B±(du 
Tw



(4.21)+

2

(4.22)

(4-23)

(4-24)= 0N(\-mBi&rf).

4.5 Results and Discussions
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d0, 
dt

A [ (W,+l-2^+W,_l)
Re (1 - 0 + <t>ps !Pf) pf )(1 - 5 (A?)2 ’

~ b &N+\

Considering equations (4.21)-(4.24), we can see that, they are first order ODEs with known 
initial conditions. So they can be easily solved iteratively using the Runge-Kutta-Fehlberg 
integration technique implemented on a computer using Matlab. From the process of 
numerical computation, the skin-friction coefficient and the Nusselt number in equation 
(4.16) are also worked out and their numerical values are presented graphically.

In this chapter, the pure water has been considered as the base fluid, copper (Cw)and 

alumina(Al2O3) as nanoparticles. The Prandtl number of the base fluid (water) is kept 

constant at 6.2 and the effect of solid volume fraction is investigated in the range 
ofO < <f> < 0.3. Numerical solution for the representative velocity field, temperature field, skin 

friction, Nusselt number, Entropy generation rate and Bejan number have been carried out by 
assigning some arbitrary chosen specific values to various thermophysical parameters

Using a semi-discretization finite difference method (method of lines Woods (1975)), the 
nonlinear IBVP in equations (4.9)-(4.13) can be solved numerically. We partition the spatial 

interval 0</;<linto N equal parts and define grid size At] = \/N and grid 

points 0^7, 1 A^+l. The discretization is based on a linear Cartesian mesh and 

uniform grid on which finite-differences are taken. The first and second spatial derivatives in 
equations 4.9 and 4.10 are approximated with second-order central finite differences. Let 
W,(t) and 6?(z) be approximation ofFK^,,/) andflfo,/), then the semi-discrete system for 

the problem becomes 

dW, 
dt

(ly -iy 
"i+i ">-i

2A7
(0,+i -20, + #,_,) 

m Pr Re (1 - <f>+^r)(A?/)2

with initial conditions

J^(o)=^(o)=°, l<z<W+l,
and boundary conditions

^=0, 0, =0, WN+I

Ec

4.4 Numerical Procedure



■-5.1 Effects of parameter variation on velocity profiles
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Figure 4.2: Nanofluids velocity profiles with increasing time
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controlling the flow system (see Figures 4.2 - 4.27). Moreover, it is important to note that 

<|)=0 correspond to base fluid scenario while > 0 correspond to nanofluids scenario, llie 

detailed discussion and graphical representation of the results of above equations are reported 
in this section.
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0.1, 0.5, 0.7, 0.9

Graphical results are presented in Figures 4.2-4.6 to give a better understanding of the effect 

of different parameters on the velocity profiles. In general, the velocity increases with time 

for a given set of parameter values until a steady state profile is achieved as shown in Figure 

4.2. It can be noted that the steady state velocity profile is attained at t = 1.4. Figure 4.3 

shows an interesting observation that, alumina-water nanofluid tends to flow faster than 

copper-water nanofluids. This result may be due to the high density of copper nanoparticle as 

compared to alumina nanoparticle. Figures 4.4-4.6 show the effects of parameters variation 

on the velocity profiles using Cu-water nanofluid. It is observed from Figure 4.4 that, an 

increase in nanoparticles volume fraction causes a decrease in the velocity profile. This result 
may be attributed by both the density and the dynamic viscosity of the nanofluid which 

increases with an increasing nanoparticles volume fraction as a result the decrease in the 

velocity is observed. Figure 4.5 shows a rise in the nanofluid velocity with an increase in the 
pressure gradient parameter. It is true that, for standard Coucttc flow (A =0) the velocity is small 

and constant compared to the generalized Couettc flow scenario in which (A >0). The opposite 

effect of decreasing velocity is observed when increasing Reynolds number; this happens 

because the viscous force increases within the flow system as indicated in Figure 4.6.
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Figure 4.3: Nanofluids velocity profiles across the channel with increasing time
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Figure 4.4: Nanofluid velocity profiles with increasing <f>
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4.5.2 Effects of parameter variation on temperature profiles

Figure 4.7 and 4.8 represent the transient effects on the nanofluids temperature profiles. The

results revealed that the temperature decreases with time for a given set of parameter values

attained at / - 3. The temperature of Al2O3 -water nanofluids, fall faster than that ofCw -water

nanofluids. In addition as the flow continues, the temperature increases near the lower wall

and reverse its behaviour as it approaches the upper wall, may be is because of the moving

upper plate as shown in Figure 4.7. Comparing Figure 4.2 and Figure 4.7, the researcher

observed that the steady state of velocity profile is attained earlier than that of temperature

profile. It attains its maximum temperature within the channel and the minimum value at the

walls as shown in Figure 4.8. The effect of parameter variation on the temperature profiles

with Cu-water nanofluid is shown in Figures 4.9-4.12. The increase in temperature profile is

observed

Figures 4.4 and 4.9 illustrate the flow and thermal characteristics of base fluid (water) as

compare to that of nanofluids. This observation is in perfect agreement with the results of

Oztop and Abu-Nada (2008) and Makinde et al. (2013), and validates the present results. The

opposite trend of a decrease in temperature is noticed with a rise in Biot number, this is due

to a convective cooling at the walls as shown in Figure 4.10. The results in Figure 4.11

revealed that, temperature increases with an increase in Eckert number, this behaviour may

be attributed to the viscous dissipation. In Figure 4.12 a rise in the nanofluid temperature and

reverse situation as it approaches the upper wall is observed with an increase of the pressure gradient

parameter. However, the nanofluid temperature for standard Couette flow (A = 0) is small at the

lower wall compared to the generalizer Couette flow (A > 0) and vice versa at the upper wall. Figure

4.13, a rise in the nanofluid temperature and reverse situation as it approaches the upper wall is

67

until a corresponding steady state profile is achieved. The steady state temperature profile is

as the nanoparticles volume fraction increases as shown in Figure 4.9. Moreover,



observed with an increase in Reynolds number. This increase and decrease in temperature can be

because of the upper moving wall.
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Figure 4.7: Nano fluids temperature profiles with increasing time
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4.5.3 Skin friction and Nusselt number
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The effects of parameter variation on skin friction and Nusselt number is illustrated in 
Figures 4.14-4.17. It is observed in Figure 4.14 that, the skin friction increases with an 
increase in nanoparticles volume fraction. This is due to an increase in the velocity gradient at 
the channel walls, which may be caused by Couette flow. Furthermore, the skin friction 

produced by Cu-water nanofluid is higher than the one produced by A^Oj-water nanofluid. 
Also, the skin friction increases with an increase in the Reynolds number but decreases with 
increase in pressure gradient A as illustrated in Figure 4.15. The Nusselt number Nu is based 
on the thermophysical properties of nanofluids. Note that the temperature gradient depends 
on the thermophysical properties of nanofluids as highlighted in table 4.1. Figure 4.16 shows 
that the heat flux at the channel walls increases with an increase in nanoparticles volume 
fraction due to a rise in the temperature gradient. Moreover, the Nusselt number produced by 
Cu-water nanofluid is higher than that of ANOj-water nanofluid. Furthermore, the Nusselt 
number increases with an increase in Reynolds number and the opposite situation of 
decreasing Nusselt number is observed when increasing pressure gradient as shown in Figure 
4.17. The observed results may be attributed by movement of the upper plate (Couette flow) 
and viscous dissipation at the walls with a rise in parameter values. The Nu for the base fluid 

(water) can be obtained when the parameter that <p = 0. Generally, the increase in Nu is not 

only due to the factor knf / kf multiplying the temperature gradient as showing in equation

0.9 1
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(4.16), but it depends on 

parameter (/> > 0 as shown in Figures 4.16 and 4.17.
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4.5.4 Effects of parameter variation on entropy generation rate
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Figure 4.18: Entropy generation rate with increasing time

74

4
1

Copper-water 
Alumina-water

0.5
n

0
0

4.5 r

It is noted in Figure 4.18 that the entropy generation rate increases with time and its 

behaviour is reversed after half a distance for a given set of parameter values. Also, the 

entropy generated by AfoCh-water nanofluid is higher than that of Cu-watcr nanofluid at the 

beginning but it is vice versa as it approaches the upper moving plate. This shows that, the 
combination of moving plate and materials with low conductivity lower entropy generation 

than combination of moving plate and materials with high conductivity and vice versa. So 

machine with the system of moving plate nanoparticlc used to prepare the nanofluid should 

be of lower conductivity to make it more efficiency. Figure 4.19 shows that a rise in an 

entropy generation rate is observed with an increase in nanoparticles volume fraction. This is 

due to the fact that temperature gradients within the channel increase as (p increases. Figures 

4.20 shows that, the entropy generation rate decreases and increases as it approaches the 

upper moving plate with an increase in Biot number Bi, while it increases with an increase in 
Eckert number Ec as shown in Figure 4.21. An entropy generation rate decreases with an 

increase in pressure gradient A as shown in Figure 4.22. Generally, this situation may be 

attributed to the increase in temperature gradient with an increase in Eckert number, as well 

as decrease in temperature gradient with an increase in Biot number and the movement of the 

upper wall.
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..3.5 Effects of parameter variation on Bejan number
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Figure 4.23: Bejan number with increasing time

77

V f/k

Copper-water
Alumina-water

Figure 4.23 illustrates the transient effect on the Bejan number across the channel. The Bejan 

number increases with time near the channel walls but decreases at the channel centreline. 

This can be attributed to a rise in the dominant effect of fluid friction irreversibility within the 

channel centreline region, the heat transfer irreversibility at the channel walls and the Couettc 
flow. The Bejan number produced by Cu-water nanofluid near the walls is higher than that of 

ABCh-water nanofluids. Figure 4.24 shows an increase in the Bejan number with an increase 

in nanoparticles volume fraction. It is also noted that the Bejan number became stable as it 

approached the moving wall (upper wall). This implies an increase in dominant effects of 

fluid friction irreversibility as increases. Furthermore, as Bi increases, the Bejan number 

decreases near the lower wall and at the centre of the channel, but increases as it approaches 

the upper wall as shown in Figure 4.25. An increase in Ec causes the increase in Bejan at the 

lower wall, at the centre of the channel and as it approaches the upper wall of the channel as 
shown in Figure 4.26. Figure 4.27 shows a decrease in Bejan number at the lower wall and 

increase at the centre of the channel and at the upper wall with an increase in pressure 

gradient A. This may be attributed by the movement of the upper wall (Couctte flow) leading 

to a rise in the dominant effects of heat transfer irreversibility.
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The flow structure, heat transfer and entropy generation in unsteady generalized Couette flow 

of a water-based nanofluid with convective cooling are numerically investigated. The 

nonlinear governing partial differential equations are solved numerically using a semi 

discretization finite difference method together with the Runge-Kutta-Fehlberg integration 
scheme. The observed results in this paper can be summarized as follows:

• The AbC^-water nanofluid tends to flow faster than Cu-water nanofluid and the velocity 

profile increases with A but decreases with^ and Re.

• The temperature of Cu-water nanofluid rises higher than AbCh-water nanofluid and the 

temperature profile increases with and Ec but decreases with Bi. Moreover temperature 

profile increases near the lower wall and decreases as it approaches the upper wall with 

an increase in A, the opposite situation is observed with an increase in Re

• Cu-water nanofluid produces higher skin friction than AbCh-water nanofluid and the 

skin friction increases with Re and^ but decreases with A.

• Cu-water nanofluid produces higher Nusselt number than AbOj-water nanofluid and the 

Nusselt number increases with Re and^ but decreases with A.

• The AbOs-water nanofluid produces higher entropy generation rate than Cu-water 

nanofluid near the lower wall, but as it approaches the upper wall, Cu-water nanofluid 

produces higher entropy generation rate than AI2O3 -water nanofluid. The entropy 

generation increases with and Ec, it decreases with A. With an increase in Bi the 

entropy generation rate decreases and reverse its behaviour near the upper wall.

• The Bejan number produced by Cu-water nanofluid is greater than AI2O3 -water 

nanofluid. The Bejan number increases with time at the walls but decreases at the centre 

of the channel. It increases with an increase in^. But as Bi increases, Bejan number 

decreases near the lower wall and at the centre of the channel, and increases as it 

approaches the upper wall. An increase in Ec causes the increase in the Bejan number. It 
is low at the lower wall, high at the centre of the channel and at the upper wall as A 

increases.

4.6 Conclusions
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Navier slip

Present work investigates the effects of generalized Couette flow with convective cooling, 

Navier slip and permeable walls on entropy generation in an unsteady of water based 

nanofluids containing Copper (Cu) and Alumina (AI2O3) as nanoparticles. Both first and 

second laws of thermodynamics are applied to analyse the problem. The nonlinear governing 

equations of momentum and energy are solved numerically using a semi discretization finite 

difference method together with Runge-Kutta Fehlberg integration scheme. Graphical results 

on the effects of different parameter variations on velocity, temperature, skin friction, Nusselt 

number, entropy generation rate, and Bejan number are presented and discussed.

The interest here is the study of the effect of heat transfer, permeable wall and Navier slip on 
entropy generation between two parallel plates, one of which is moving relative to the other 
and pressure gradient introduced known as generalized Couette flow which is motivated by 

several important problems in engineering and industries. Nanotechnology has been widely

Thermodynamic irreversibility in the flow system provides information on the energy and 

power losses in the system. Minimization of entropy generation in the flow system enables 
for the parametric optimization of the system operation. With the growing demand for 

efficient cooling systems, more effective coolants are required to keep the temperature of heat 

generating engines and engineering devices such as electronic components below safe limits. 

In recent time, the use of nanofluids has provided an innovative technique to enhance heat 

transfer.

4This chapter is based on the paper:

Mkwizu, M. H., Makinde, O. D., and Nkansah-Gyekye, Y. (2015). Effects of Navier slip and wall permeability 
on entropy generation in unsteady generalized Couette flow of nanofluids with convective cooling. University 
Politehnica of Bucharest (U.P.B) Scientific Bulletin, Series D, Vol. 77, Iss. 4, ISSN 1454-2358.

Effects of Navier slip and wall permeability on entropy generation in unsteady 

generalized Couette flow of nanofluids with convective cooling4

5.1 Introduction
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Theuri and Makinde (2014) considered thermodynamic analysis of variable viscosity MHD 

unsteady generalized Couette flow with permeable walls. They found that the decrease in 

fluid viscosity increases Bejan number while an increase group parameter decreases Bejan 
number. As Reynolds number increases, Bejan number rises at the lower fixed plate and it 
falls at the upper moving plate. The situation is reversed with increasing magnetic field.

used in engineering and industry since nanometer size materials possess unique physical and 
chemical properties. The addition of nanoscale particles into the conventional fluids like 

water, engine oil, ethylene glycol, etc., is known as nanofluid and was firstly introduced by 

Choi (1995). Nanofluid may be considered as a single phase flow in low solid concentration 

because of very small sized solid particles. Among many experimental and theoretical studies 

on flow of nanofluids in different geometries are Choi (2001) and Abu-Nada (2008). The 

nanofluid in the enclosure was assumed to be in single phase. It was found that for any given 

Grashof number, the average Nusselt number increased with the solid volume concentration 
parameter.

Eegunjobi and Makinde (2012) studied the effect of Navier slip on entropy generation in a 

porous channel with suction/injection. Suction/injection plays an important role in the control 
of flow past an infinite permeable plate or within parallel permeable plates, hence its 
importance in practical problems involving film cooling, control of boundary layers in 
industrial, geophysical, biomedical, engineering and environmental applications.

Makinde and Osalusi (2006) did a research on MHD steady flow in a channel with slip at the 

permeable boundaries. The results revealed that the fluid velocity is reduced by both 
magnetic field and wall slip. They also noticed the presence of flow reversal near the wall 
due to wall slip. Generally, wall skin friction increases with suction and decreases with 
injection, however, both wall slip and magnetic field also have great influence on wall skin 

friction.

Hydromagnetic blood flow through a uniform channel with permeable walls covered by 

porous media of finite was done by Ramakrishnan and Shailendhra (2013). They found that 

the axial velocity of the fluid is reduced by porous parameter and Hartmann number. As 

expected from physical consideration, it was observed that the shear stress was small for 
small values of the porous parameter and it exhibited an increasing trend with increasing 

porous parameter.
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Meanwhile, in the nanofluids flows, the improvement of the heat transfer properties causes 

the reduction in entropy generation. The foundation of knowledge of entropy production goes 

back to Clausius and Kelvin’s studies on the irreversible aspects of the second law of 

thermodynamics. Since then the theories based on these foundations have rapidly developed, 

see Bejan (1982) and Bejan (1996). However, the entropy production resulting from heat and 

mass transfer coupled with viscous dissipation in nanofluids has remained untreated by 

classical thermodynamics, which motivates many researchers to conduct analyses of 

fundamental and applied engineering problems based on second law analysis with respect to 

nanofluid. Based on the concept of efficient energy use and the minimal entropy generation 

principle, optimal designs of thermodynamic systems have been widely proposed by the 
thermodynamic second law Woods (1975). It is possible to improve the efficiency and overall 

performance of all kinds of flow and thermal systems through entropy minimization 

techniques.

Oztop and Abu-Nada (2008) considered natural convection in partially heated enclosures 

having different aspect ratio and filled with nanofluid. They found that the heat transfer was 

more pronounced at low aspect ratio and high volume fraction of nanoparticles. The 

buoyancy effects on stagnation point flow and heat transfer of a nanofluid past a convectively 

heated stretching/shrinking sheet with or without magnetic field were considered by Makinde 

et al (2013). Wang and Mujumdar (2007) presented a comprehensive review of heat transfer 

characteristics of nanofluids. Detail reports on convective transport in nanofluids can be 
found in Buongiorno (2006), Tiwari and Das (2007).

The analysis of energy utilization and entropy generation has become one of the primary 

objectives in designing a thermal system. This has become the main concern in many fields 
such as heat exchangers, turbo machinery, electronic cooling, porous media and combustion. 

Several studies have thoroughly dealt with conventional fluid flow irreversibility due to 
viscous effect and heat transfer by conduction Narusawa (1998) and Sahin (1998). Makinde 
et al (2013) performed numerous investigations to calculate entropy production and 

irreversibility due to flow and heat transfer of nanofluids over a moving flat surface. They 

found that the entropy generation in the flow system can be minimized by appropriate 

combination of parameter values together with nanoparticles volume fraction.



5.2 Mathematical Model

y = a (Suction)

Nanofluids

y = 0 (Injection)

84

Figure 5.1: Schematic diagram of the problem under consideration

The governing equations for the nanofluids momentum and energy in one dimension with 

assumption above can be written as follows

In this chapter, we analyse the effects of convective cooling, Navier slip and permeable walls 

on entropy generation rate in unsteady generalized Couette flow channel of water base 

nanofluid. Such flow is very important in engineering and industries especially cooling 

engines, electronics, heat exchanging devices and transformer oil. Also it is important for 

improving diesel generator efficiency, heat transfer efficiency of chillers, domestic 

refrigerator-freezers, cooling in machining and in nuclear reactor. In the following sections 

the problem is formulated, numerically analysed and solved. Relevant results are displayed 
graphically and discussed.

Consider unsteady laminar flow of viscous incompressible nanofluids containing Copper 

(Cu) and Alumina (AI2O3) as nanoparticles through a permeable walls Couette flow channel. 

It is assumed that the fluid is injected uniformly into the channel at the lower plate while the 

uniform fluid suction occurs at the moving upper plate as depicted in figure 5.1 below;

^ = -/3u, v = V,T = Tw 
dy

u = U, v = V, -k■nf^ = h(T-TJ 
dy



(5.1)

2

(5-2)IM ’

(5.3)°V =

(5.4)

(5-5)
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(1-^)
k'f

u(y,O) = Q, T(y,O)=Tw,

IT’ P„f =(\~(p')pf+(pps,

_ t= {pcp)s kn/ = (ks+2kf)-2(p{kf-ks) 
{pcp}n/,T (jxp)f’kf (ks+2kf) + <p(kf-ky

(pcy,f =v-<pxpcP')f+<p(pcPy

///^(OJ7) = -^(O,7), 7’(0,7) = 7;
dy

d2T anfPnf f du 
knJ

where u is the nanofluid velocity in the x -direction, T is the temperature of the nanofluid, 

Pis the nanofluid pressure, t is the time, a is the channel width, Tjs the lower stationary7 

wall temperature, /z/;/is the dynamic viscosity of the nanofluid, knf is the nanofluid thermal 

conductivity, /7z;/is the density of the nanofluid and avis the thermal diffusivity of the 

nanofluid which are given by [3, 9]

The nanoparticles volume fraction is represented by (p (^ = 0 correspond to a base fluid), 

pf and ps are the densities of the base fluid and the nanoparticle respectively, Ay and ks 

are the thermal conductivities of the base fluid and the nanoparticles respectively, (/xyj^and 

(pcp) are the heat capacitance of the base fluid and the nanoparticle respectively. It worth 

mentioning that the use of the above expression forA:^, is restricted to spherical nanoparticles 

and does not account for other shapes of nanoparticles. Also, approximation has been 

employed to approximate the effective viscosity of the nanofluid //^as viscosity of a base 

fluid containing dilute suspension of fine spherical particles. The initial and boundary 

conditions are given as follows:

__ ' 9P + Vnf d2u 
dt dy pnf dx pnf dy2 ’

dT dT— + V— = a 
dt dy



(5.6)

Fluid phase

(water) Cu AI2O3

7653854179c/J/kg K)

p(kg/m3) 39708933997.1

The dimensionless variables and parameters are introduced as follows:

(5.7)

kf f=PJ_
(pcP)/ ’ A7=

(5.8)

2
Ec (5-9)
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de 
dt

dW
Re(l-^)25(l-^ + ^r)l57

dO

Table 5.1 below presents thermo physical properties for water, copper and alumina at the 
reference temperature.

The dimensionless governing equations together with the appropriate initial and boundary 

conditions can be written as:

dW _ A _______ 1 d2W dW
dt Re{]-(p + (pps/ pf) Re (1 - + <pp5 / pf^~ ?>)2 5

Table 5.1: Thermophysical properties of the fluid phase (water) and nanoparticles

Physical properties

= U, -k„f = h(T(a,t)-Tw). 
dy

Pa
PfU’

U2 
cpfTa

o Vo, Re = — ,af -
uf

vf=^-,P =
Pf

Ec =-,/7 = Z, Pr = 
a a kf

(ks +2kf) + (p(kf -ks)
(ks + 2kf)-2cp(kf-ks}

i d2e ----------------------------- — + 
wPrRe(l — (p + cpr) 3?/“

— W = — t = — 
U" a

T~T e = -—
T M’

dX
T {PC^’



with initial and boundary conditions

W(q,0) = 0, 0(7,0) = 0 (5.10)

(5.11)

(5.12)

(5.13)

(5-14)
\y=a

Substituting equations (5.14) into (5.13) and using dimensionless variables, we obtain

(5.15)> at 7] = 1.

5.3 Entropy Analysis
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Where, /3 is the coefficient of sliding friction and/is slip parameter. Other physical 

quantities of practical interest in this problem are the skin friction coefficient Czand the local 

Nusselt number Nu which are defined as

dW 
dr]

kfTj

where t

y=a

is the wall shear stress and qw is the heat flux at the channel walls given by

The second law of thermodynamics is an important tool to scrutinize the irreversibility effects 

due to flow and heat transfer. Thermodynamic irreversibility is closely related to entropy 
production. Convection process involving channel flow of nanofluids is inherently 

irreversible due to the exchange of energy and momentum, within the nanofluid and at solid 

boundaries. Following Woods [26], the local volumetric rate of entropy generation is given 
by

50
—(I,r) = -w0/0(l,r)

— (0,f) = -—fF(0/), 0(O,/) = O 
dr/

dii

1
(1-p)25 

xr I ™ Nu =--------
m drj

, dT = -k,—
nf 9y

Nu =



\2

(5.16)

Ns = (5.17)

Where Br = Ec Pr is the Brinkman number, the Bejan number Be is define as

(5-18)

where Ns =N}+N2
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30
3//J

1
l + 0>

The irreversibility distribution ratio is define as = N2/N1. Heat transfer irreversibility 

dominates for 0 < < 1 and fluid friction irreversibility dominates when 0 > 1. The

contribution of both irreversibilities to entropy generation are equal when <&= 1.

The first term in equation (5.16) is the entropy generation due to heat transfer while the 

second term is the entropy generation due to nanofluid friction. Using dimensionless 

variables from equation (5.7), we express the entropy generation number in dimensionless 
form as,

_1_<30

Ns

r3T 
<dy)

' 8W 
<djl)

\2

(The entropy generation due to heat transfer)

\2

• +

(The entropy generation due to fluid friction)

N,=- m

N2 =

ntff _ nf

w

Br 
(l-^)25

Equation (5.18) shows that the Bejan number ranges from 0 to 1. The zero value of the Bejan 

number corresponds to the limit where the irreversibility is dominated by the effect of fluid 

friction while one value of Bejan number is the limit where the irreversibility due to heat 

transfer dominates the flow system. The contribution of both heat transfer and fluid friction to 

irreversibility are the same when Be = 0.5.

Br 
(l-^)25

a2Sm
kf

! f du



5.4 Numerical Procedure

(5.19)2

(5.20)

with initial conditions and boundary conditions

^(0)=6>,(0)=0, 1</<W+1 (5.21)

(5.22)

5.5 Results and Discussions
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dO, 
~dt

For understanding the dynamics of this physical problem, Figures 5.2-5.23 shows the 

numerical computations for the representative velocity field, temperature field, skin friction, 

Nusselt number, entropy generation rate and Bejan number. Some arbitrary chosen specific 

values to various thermophysical parameters controlling the flow system have been assigned. 

The Prandtl number (Pr)of the pure water used in this dynamics problem is assigned the

dW, 
dt

r A2 
/-I

W

Considering equations (5.19)-(5.22) we can see that, they are first order ODEs with known 

initial conditions. So they can be easily solved iteratively using Runge-Kutta Fehlberg 

integration technique implemented on computer using Matlab. From the process of numerical 

computation, the skin-friction coefficient and the Nusselt number in equation (5.15) are also 

worked out and their numerical results are presented.

Using a semi-discretization finite difference method, the nonlinear initial boundary value 

problem (IBVP) in equations (5.8)-(5.12) can be solved numerically. We partition the spatial 

interval into equal parts and define grid size and grid points. The discretization is based on a 

linear Cartesian mesh and uniform grid on which finite-differences are taken. The first and 

second spatial derivatives in equation (5.8) and equation (5.9) are approximated with second- 

order central finite differences.

< w

2A?7 2A77

=—0t =o,

_________ &
+ Re (1 -p + pr)(l-<p)251

-20, +£,_,) 
wPrRe (1 - cp + (pr)(k.r))2

A , (^,-2^+^,,)
Re {\-<p + (pps/ pf) Re (1 -(p + cpp, / pf\\ -(p)25^)



5.5.1 Effects of parameter variation on velocity profiles
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Figure 5.2: Nano fluids velocity profiles with increasing time
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vaiue 0.2 and the effect of solid volume fraction is investigated in the range ofO < <f> < 0.3. 

The detailed discussion and graphical representation arc reported in this section.

Copper-water 
— Alumina-water

Figures 5.4-5.6 show the effects of parameters variation on the velocity profiles using Cu- 
water nanofluid. An increase in nanoparticles volume fraction causes a slight decrease in the 
velocity profile see Figure 5.4. This may be due to the density, the dynamic viscosity of the 
nanofluid which increases with an increasing nanoparticlcs volume fraction, slip condition, 
suction and injection of the fluid. The results in Figure 5.5 revealed that the nanofluid 
velocity increases with an increase in pressure gradient. The opposite effect is observed in 
Figure 5.6 where increasing Reynolds number causes a decrease in velocity profile. This 

happens because the viscous force increases within the flow system.

The effects of various physical parameters on the nanofluid velocity profile arc presented on 
the Figure 5.2-5.6. In general, the velocity increases with time for a given set of parameter 
values until a steady state profile is achieved as shown in Figure 5.2. The steady state velocity 
is attained at t = 1.6. Figure 5.3 shows an interesting observation that, alumina-water 
nanofluid tends to flow faster than copper-water nanofluids. This result may be due to the 

high density of copper nanoparticle as compared to alumina nanoparticlc.
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Figure 5.3: Nanofluids velocity profiles across the channel with increasing time
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Figure 5.4: Nanofluid velocity profiles with increasing <f>
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5.5.2 Effects of parameter variation on temperature profiles
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Figure 5.7: Nanofluids temperature profiles with increasing time
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Copper-water 
Alumina-water

Figures 5.9-5.12 illustrates the effects of parameter variation on the temperature profiles with 
Cu-watcr as the working nanofluid. The results showed that the temperature profile increases 
with an increase in the nanoparticles volume fraction as shown in Figure 5.9. Similar result of 
increase in temperature is noticed with an increase in slip parameter as shown in Figure 5.10. 
This behaviour may be attributed by slippery at the walls. Opposite behaviour is observed in 
Figures 5.11 that, nanofluid temperature falls with an increase in Biot number. It is noted that 
with an increase in Eckert number the temperature profile rises as shown in Figure 5.12. This 
increase in temperature may be attributed by viscous dissipation.

Bl—5, A—0.1, Ec—O.l, Re-2, 
+-0.3,^-0.0001, Er—6.2

rj — 0.6, 0.7, 0.8, 0.9

The transient effects on the nanofluids temperature profiles arc clearly revealed in Figure 5.7- 
5.12. From Figure 5.7 it is noted that the temperature increases with time near the lower wall 
it then decreases toward the upper moving wall for a given set of parameter values until a 
corresponding steady state profile is achieved. This behaviour may be attributed by the slip 
condition and injection at the lower wall, suction and moving upper wall. Observing clearly it 
shows that the steady state temperature profile is attained at t = 2. Comparing Figure 5.2 and 
Figure 5.7 it is noteworthy that, the steady state of velocity profile is attained earlier than that 
of temperature profile. Interestingly, the temperature of Cu-water nanofluid rises higher than 
that of A^Os-water nanofluids as shown in Figure 5.8. Moreover, with increase in time the 
alternating temperature is observed. The temperature profile attains its maximum value at the 
upper wall and minimum value at the lower wall. Generally this may be due to convective 
heat loss to the ambient, moving upper wall, slip and permeable walls.
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Figure 5.12: Nanofluid temperature profiles with increasing Ec

5.5.3 Skin friction and Nusselt number
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Figures 5.13 and Figure 5.14 illustrate the effects of parameter variation on skin friction and 

Nusselt number using Cu-water as a working nanofluid. In Figure 5.13, the results showed 

that the skin friction increases with an increase in nanoparticles volume fraction. This is due 

to movement of the upper wall, injection at the lower wall and suction at the upper wall. The 

researcher also noted that the skin friction is small at the injection wall and increase toward 

the suction wall. Moreover interesting result is observed, that the skin friction increases with 

an increase in Reynolds number and the slight increase is observed when increase in slip 

parameter but decrease with increase in pressure gradient. Meanwhile, the Nusselt number 

increases with an increase in nanoparticles volume fraction, Reynolds number and slip 

parameter but decrease with an increase in pressure gradient as illustrated in Figure 5.14. This 

may be attributed by Couette flow at the upper wall, injection and suction.
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5.5.4 Effects of parameter variation on entropy generation rate
Figure 5.15 shows that the entropy generation rate decreases with time at the lower wall and 
decrease with time across the upper wall. This behaviour is due to slip and injection at the 
lower wall, and movement of the upper wall together with suction. The entropy generated by 

A^Os-water nanofluid is higher near the lower wall compared with that generated by Cu- 
water nanofluid and reverse as it approaches the upper wall. A rise in an entropy generation 
rate is observed at the walls with an increase in nanoparticles volume fraction as illustrated in 

Figure 5.16. This is due to the fact that temperature gradients at the walls of the channel 
increase as increases. Similar observation is noted in Figures 5.17 that, the entropy 

generation rate rises with increase in slip condition. Furthermore, it is noted in Figure 5.18 

that the entropy generation rate decreases at the lower wall with an increase in Biot number 
and reverse its trend as it approaches the upper wall, this may be attributed by the slip 

condition at the lower wall and upper moving wall.
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Figure 5.20 shows an increase in the Bejan number at the walls with an increase in 

nanoparticles volume fraction. This implies that increase in nanoparticles volume fraction 

causes domination effects of fluid friction irreversibility. Furthermore, the results illustrate in 

Figure 5.21 that as Biot number increases, the Bejan number decreases at lower wall and at 

the centreline of the channel, but increases as it approaches the upper wall. Different trend is 

observed in Figure 5.22 when increasing Eckert number that is Bejan number increases in 

both walls. Meanwhile, the decrease in Bejan number is observed at the lower wall and 

centre but increase as it approaches the upper wall with an increase in pressure gradient as
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Figure 5.19 illustrates the transient effect on the Bejan number across the channel. The Bejan 

number increase with time near the channel lower walls but the slight decreases is noted at 

the channel centreline. This is because of rise in the dominant effect of fluid friction 

irreversibility within the channel centreline region, the heat transfer irreversibility at the 

channel walls, injection, suction, slip condition and the Couette flow. The Bejan number 

produced by Cu-water nanofluid seems to be higher than that of ABCh-water nanofluid.
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shown in Figure 5.23. Generally, this behaviour may be attributed by slip condition, injection, 

suction, convective cooling and upper moving wall.
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Skin friction increases with an increase in nanoparticles volume fraction, slip 

parameter and Reynolds number. But decrease with an increase in pressure gradient. 

The same results are obtained for the Nusselt number.
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Computational model and thermodynamic analysis of the effects of Navier slip and wall 

permeability on entropy generation in unsteady generalized Couette flow of nanofluids 
containing Copper (Cu) and Alumina (AI2O3) as nanoparticles is presented. Using a semi­
discretization method together with Runge-Kutta-Fehlberg integration scheme the transient 
problem is numerically tackled. Some of the results obtained can be summarized as follows:

• An increase in nanoparticles volume fraction and Reynolds number causes a decrease 

in the velocity profile. Meanwhile nanofluid velocity profile increases with an 

increase in pressure gradient.

• The temperature profile increases with an increase in the nanoparticles volume 

fraction, slip parameter and Eckert number. But a decrease in temperature profile is 

noticed with an increase in Biot number.
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• A rise in an entropy generation rate is observed with an increase in nanoparticles 
volume fraction and slip parameter. It falls near the lower wall and rises near the 
upper wall with an increase in Biot number.

• The Bejan number increase with time at the lower and upper walls but slight
decreases at the channel centreline. It increases at the walls with an increase in
nanoparticles volume fraction. As Biot number and pressure gradient increases, 
Bejan number decreases near the lower wall and at the centre, but increases as it 
approaches the upper wall. Eckert number causes the increase in Bejan number at the 

lower and upper wails.



CHAPTER SIX

General Discussion, Conclusion and Recommendations

6.1 General Discussion

6.2 Conclusion
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In chapter three, the combined effect of buoyancy force and convective cooling on the 
unsteady flow, heat transfer and entropy generation rate in water based nanofluids containing

In this research flow models have been formulated with the aim of assessing the effects of 

thermophoresis and Brownian motion on the flow, temperature and concentration of 

nanofluid, entropy generation, Nusselt number and skin friction. Moreover, the effect of 

different types of nanoparticles and flow parameters on the flows, buoyancy driven with 

convective cooling on temperature profile, velocity profile, entropy generation, skin friction 
and Nusselt number was also assessed. Nanofluid was considered as a single phase flow in 

low solid concentration because of very small sized solid particles. The next section shows 
results and general conclusion.

In chapter two, the flow structure, heat transfer and entropy generation in unsteady channel 

flow of a variable viscosity water based nanofluids with convective heat exchange with the 

ambient at the walls are numerically investigated. Using a semi discretization finite 

difference method together with Runge-Kutta Fehlberg integration scheme, the model 

nonlinear initial boundary value problem is tackled. Some of the results obtained can be 
summarized as follows. The nanofluid velocity and temperature profiles increase with an 
increase in r, /?, Ec but decreases with an increase in Bi. The nanoparticles concentration 
increases along the centreline region and decrease near the walls with an increase in t, fl, Ec, 

Nt. However, an increase in Bi and Nb causes a decrease in nanoparticles concentration 

along the centreline region and concentration increase near the walls. The skin friction 
increases with Z, /?, Ec, Nt and A but decreases with Ec and Nt. The Nusselt number increases 
with t, Ec, Bi and /?. Entropy generation rate generally increases with Z, Ec, 0, A, Nt. Increase 
in Bi increase entropy generation at the walls but decreases entropy generation within the 

channel. Bejan number within the centreline region and at the walls increases with t, Ec,/?, A, 
Nt and 2, consequently, the dominant effects of heat transfer and nanoparticles mass transfer 

irreversibilities increase.
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In chapter four, the flow structure, heat transfer and entropy generation in unsteady 

generalized Couette flow of a water-based nanofluid with convective cooling are numerically 

investigated. The nonlinear governing partial differential equations are solved numerically 

using a semi discretization finite difference method together with the Runge-Kutta Fehlberg 

integration scheme. The observed results in this paper can be summarized as follows: The 
Al2O3-water nanofluid tends to flow faster than Cu-water nanofluid and the velocity profile 

increases with A but decreases with^ and Re. The temperature of Cu-water nanofluid rises 

higher than Al2O3-water nanofluid and the temperature profile increases withand Ec but 

decreases with Bi. Moreover temperature profile increases near the lower wall and decreases 
as it approaches the upper wall with an increase in J, the opposite situation is observed with 
an increase in Re Cu-water nanofluid produces higher skin friction than Al2O3-water 

nanofluid and the skin friction increases with Re and ^but decreases with A. Cu-water 

nanofluid produces higher Nusselt number than Al2O3-water nanofluid and the Nusselt 

number increases with Re and^ but decreases with A. The Al2O3-water nanofluid produces 

higher entropy generation rate than Cu-water nanofluid near the lower wall, but as it 
approaches the upper wall, Cu-water nanofluid produces higher entropy generation rate than 

A12O3 -water nanofluid. The entropy generation increases withand Ec, it decreases with A. 

With an increase in Bi the entropy generation rate decreases and reverse its behaviour near

Copper (Cu) and Alumina (A12O3) as nanoparticles was investigated. The nonlinear 

governing partial differential equations are solved numerically using a semi discretization 

finite difference method together with Runge-Kutta Fehlberg integration scheme. The A12O3- 

water nanofluid tends to flow faster than Cu-water nanofluid and the velocity profile 

increases with Ec, Gr, A, but decreases withcp. The temperature of Al2O3-water nanofluid 

rises higher than Cu-water nanofluid and the temperature profile increases with Ec, Gr, A, but 

decreases with (p and Bi. The Cu-water nanofluid produces higher skin friction than A12O3- 

water nanofluid and the skin friction increases with Ec, Gr but decreases with cp and Bi. The 

Cu-water nanofluid produces higher Nusselt number than Al2O3-water nanofluid and the 

Nusselt number increases with Ec, Gr but decreases with (p and Bi. The Al2O3-water 

nanofluid produces higher entropy than Cu-water nanofluid and the skin generation increases 

with Ec, Gr, A, but decreases with (p and Bi. Fluid friction irreversibility dominants the 

channel centreline region while the effects of heat transfer irreversibility near the walls 

increases with Gr, Ec, A, but decreases with (p and Bi.
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the upper wall. The Bejan number produced by Cu-water nanofluid is greater than AI2O3 - 
water nanofluid. The Bejan number increases with time at the walls but decreases at the 
centre of the channel. It increases with an increase in^. But as Bi increases, Bejan number 

decreases near the lower wall and at the centre of the channel, and increases as it approaches 
the upper wall. An increase in Ec causes the increase in the Bejan number. It is low at the 
lower wall, high at the centre of the channel and at the upper wall as A increases.

In chapter five, computational model and thermodynamic analysis of the effects of Navier 
slip and wall permeability on entropy generation in unsteady generalized Couette flow of 
nanofluids containing Copper (Cu) and Alumina (AI2O3) as nanoparticles is presented. Using 
a semi-discretization method together with Runge-Kutta Fehlberg integration scheme the 
transient problem is numerically tackled. An increase in nanoparticles volume fraction and 
Reynolds number causes a decrease in the velocity profile. Meanwhile nanofluid velocity 
profile increases with an increase in pressure gradient. The temperature profile increases with 
an increase in the nanoparticles volume fraction, slip parameter and Eckert number. But a 
decrease in temperature profile is noticed with an increase in Biot number. Skin friction 
increases with an increase in nanoparticles volume fraction, slip parameter and Reynolds 
number. But decrease with an increase in pressure gradient. The same results are obtained for 
the Nusselt number. A rise in an entropy generation rate is observed with an increase in 
nanoparticles volume fraction and slip parameter. It falls near the lower wall and rises near 
the upper wall with an increase in Biot number. The Bejan number increase with time at the 
lower and upper walls but slight decreases at the channel centreline. It increases at the walls 
with an increase in nanoparticles volume fraction. As Biot number and pressure gradient 
increases, Bejan number decreases near the lower wall and at the centre, but increases as it 
approaches the upper wall. Eckert number causes the increase in Bejan number at the lower 
and upper walls.

Generally, base fluid produce more entropy compared to nanofluid which is very useful as 
better heat transfer fluid. However, entropy can be reduced by mixture of nanoparticles and 
base fluid with careful combination of parameters controlling the flow and geometry in 
consideration. From the graphs we observe that, flow geometry affect the rate of entropy 
production. For example figures of entropy generation with an increase in Biot number 
shows, different results. Alumina- water nanofluid produces more entropy compared to 
Copper- water nanofluid.
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Thus, with careful combination of parameter values controlling the flow, the entropy 

production within the channel flow water base nanofluid in the presence of convective 
cooling can be minimised.

Bejan number tells us which factor contributes more to entropy production. 2?e = 0 or close 

to zero means the contribution of fluid friction (viscous dissipation) is the highest ( in this 

case is at the wall, wall lubrication may be applied to reduce friction and entropy production). 

Be = 1 or close to one means the entropy production is dominated by heat transfer (in this 

case materials for thermal insulation may be used if the system requires heat conservation 

like hot water geyser, to reduce entropy for efficient operation).

In order to minimize or possibly eliminate entropy generation, the study recommends the 

of the combination of nanoparticles and base fluids. Although the combination may be 

expensive compared to just base fluid, but it will be useful and efficient in industries, 

engineering and medicine, specifically in cooling process, nuclear reactors, transportation, 

electronics, automotive, as well as biomedicine and food. Moreover, the use of the 

combination of nanoparticles and base fluid reduces entropy generation in a nanofluid flow 

as observed in this study, makes the fluid to be much more effective in cooling machines, 

engines such as automobile engines, welding equipment, high heat flux devices and other.
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APPENDIX

Matlab Codes

■time interval with observations at every integer

a 1 u

(-1) ;

(-1);

114

%
%
%

% 
% 
% 
%
%

% va r1-[0 0.1 0.2 0.3);
% for j —1:4

f=varl(j);

Br=Pr*Ec; 
% 
%

phi-0.1;
Kl=401; thermal condactivity of solid
rol=8933;’density of solid cu
cpl=385;^specific of cu
tl=(rol*cpl)*(ro2*cp2)A (-1);
m=( (Kl+2*K2)+phi* (K2-K1) ) * ( (Kl l-2*K2)-2*phi* (K2-K1) ) 

% else

%close all
clear all
clc
%c- [ ’ k ’, ’ g ’, ’ r ’ 1 ;
tspan = 0:0.001:10;
delta_eta=0.01;
n=l/delta_eta-l;
eta-delta_eta:delta_eta:l-delta_eta;
%eta=0:delta_eta:1;
sO = [zeros(1,n),zeros(1,n)]; /initial values for x,y,z,m
Pr = 6.2; ©model parameter 0.4

■ a — 0;
c-[’k’, ’r’, ’ b’, ' q ’ ] ;

phi=0.3; %model parameter 0.01
f=l;
% if (phi—0)
% a-0;
% end

£1-1inspace(1,2,3);
for i-1:length(fl);

f=fl(i);

vai—1i nspace(0,0.3) ;
% for i-1:length(var)
% phi-var(i);
% Br=Pr*Ec;

rol-3970;
Kl-40;valu
cpl=765;ispecific of alu
tl-(rol*cpl)*(ro2*cp2)A (-1);
m~((K1+2*K2)iphi*(K2-K1))*((KI+2*K2)-2*phi*(K2-K1)) 

% eiseif(d==2) 
%

Re=2;
Ec=0.1; %model parameter 0.1
A=l;%the pressure gradient parameter 
%d=2;
ro2=997 . l;‘sdensity of water
K2=0.613;%thermal condactivity of water
cp2=4176; *?>speci£is heat of water
%for d-[l,2,3]
% if(d—1)
% %phi“0.1;



(-1);
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Ns=zeros(length(t),length(eta)); 
kk=length(t);
for jj=l:kk

t,ENTROPY AND BEJAN
wl=[wl(:,l) wl [0;ones(length(wl(:,end))-1,1)]];
thetal=[thetal (l:end, 1) thetal theta! (: , end) * (1-Bi*m*delta_era) J ;

%
%
%
%
%
% end
%rol-8933;
sKl-400;
%tl—0;%volmetric entropy generation rate
Bi=5;tBiot number
[t,s] -
ode 15s (@ode_sys5, tspan, sO, [ ] , delta_eta, Pr, Ec, Re, A, tl, rol, ro2, phi, KI, K2,Bi,n
, m, f) ;
wl=s(:, 1:n) ;
thetal=s(:,n+1:2*n);
e ta=[0 eta 1];

phi-0;
Kl-401; -thermal condactivity of solid 
rol-8933;%density of solid cu 
cpl^385;fcspecific of cu

tl=(rol*cpl)*(ro2*cp2)A (-1);
m-( (Kl+2*K2)+phi*(K2-K1) ) * ( (KI <-2*K2)-2*phi * (K2-K1) )

%
plot(eta,Ns(1000,:),’k’,’LineWidth',2)
plot(eta,Be(800,:),’g’, ’LineWidth’,2)
%end
plot ( [eta, 1 ] , [Be (3000, :),0[,c(:,i), ’Line-Width’, 2) 
hold on

% pl or. ( [eta, 1 ] , [Ns (800, : ) , 1 ] , ’g', ' LineWidth ’, 2) 
plot([eta,l], [Ns(1000, :), 1), ’ b’ , ’LineWidth’,2)

% plot ( [ eta, 1], [Ns(2000, :),*!], ' r ’, ’Li neWi dth ’, 2 ) 
hold on 
end
ylabel('Be’)
xlabel(’\eta')

for ii=2:n+l
%Ns(j j,ii) = (1/m*(thetal(jj,ii+1)-thetal(j j,ii-1))A2+(Br/ (1-
phi)A2.5)*(wl(jj,ii+1)-wl(jj,ii-1))A2)/(4*delta_etaA2);
% %
Be (j j , ii ) = ( (1/m* (thetal (j j , ii + 1) thetal (j j , iil) )A2)/ (4 *delta_eta~2) ) * ( (1/m* ( 
thetal(jj,ii + 1)-thetal(jj, ii-1))A2+(Br/(1-phi)A2.5)*(wl(jj,ii + 1) -wl (j j, ii 
1))A2)/(4*delta_etaA2))A (-1);
% %

end
% Ns (jj,1)-(1/m*(thetal(jj,2)-thetal(jj,l))A2+(Br/(1-
phi)A2.5)*(wl(jj,2)-wl(jj,1))A2)/(delta_etaA2);

Ns (jj,n + 2)-(1/m*(thetal(jj, n+2)-thetal(jj, n+1))A2r(Br/fl- 
phi ) A2 . 5) *(wl(jj,n*2)-wl(jj,n »1))A2)/(delta etaA2);
Be (j j , 1) = ( (1/m* (thetal (j j , 2) thetal (j j , 1) ) A2) / (delta_etaz'2) ) * ( (1/m* (thetal (j 
j, 2) thetal (j j, 1) ) A2+ (Br/(lphi) A2.5) * (wl (j j , 2) wl (j j , 1) ) A2) / (del ta_eta^2 ) ) ^ (- 
1) ;
Be(jj,n+2)-((1/m*(thetal(jj,n+2)-
thetal(jj,n+1))A2)/(delta_etaA2))*((1/m*(thetal(jj,n+2)-
thetal(jj,n+l))A2+(Br/(1-phi)A2.5)*(wl(jj,n+2)-
wl(j j,n + 1))A2)/(delta_etaA2))A(-1);

end
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xlim([0 0.9]) 
%ylim([1.5 1.8})

%
%
%

%
%

10, ’LineWidth' , 2); 
10,’LineWidth',2);

10, 'LineWidth’,2) ;
10, ’LineWidth’,2);

10, 'LineWidth',2);

■ •' - *, 'LineWidth',2)
(n’i 1) ) 'g—', 'LineWidth*, 2) 

for the Model')

%SKIN AND NUSL
%nu(i)=-l/m* ( (the tai (end, end) / (delta__eta* (1-m * Bi *del ta_eta) ) ) - 
thetal(end,end)/delta_eta);
%nu ( i ) -^Bi *thetal (end, end) ;
sk(i)-((1-phi)A(-2.5))*(1-wl(end,end))*(delta_eLa)

%end
7>plot (var, nu, 'k', ' LineWidth', 2)
%ho.ld on
%plot(var,sk,'k','LineWidth',2)
%plot(var,sk,'ro-','LineWidth1)
%ylabel( ' Nu')
%xlabel('\phi’)
%ylim([100 200])
%xlim([0 0.3])
%end
%yl.im( [0.8 0.9] )
%[ETA T]-meshgrid(eta,t');
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% surf(T,ETA,wl);colorbar;shading fiat, caxis([0, 1]);
% xlabel('Time ( t )’, 'Fontsize', 10,'LineWidth',2);
% ylabel(’Distance ( \eta )','Fontsize’,
% zlabel('Velocity ( w )','Fontsize', 
% figure
% surf(T,ETA,thetal);colorbar;shading flat, caxis((0,
% xlabel(’Time ( t )', 'FontSize',
% ylabel('Distance ( \eta )','Fontsize',
% zlabel('Temperature ( \theta )','FontSize',
% figure
% surf(T,ETA,Hl);colorbar;shading flat, caxis([0, 1]);
% xlabel('Time ( t )', 'FontSize', 10,’LineWidth',2);
% ylabel('Distance ( \eta ) ', 'FontSize', 10, ’LineWidth',2);
% zlabel('Nanoparticles volume fraction distribution( H )’,'FontSize', 
10, 'Li neWidth',2);
%figure
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% plot(t,wl(:,0.5* (n+1) ) , ' k—
% hold on
% plot(t,wl(:,0.6*(n+1)) , 'r--', 'LineWidth',2)
% plot(t,wl(:,0.7*(n+1)) , 'b—', 'LineWidth',2)
% plot(t,wl(:,0.8*(n+1)),'g—’<’LineWidth',2)

%title(’Solution Curves for the Model')
ylabel('w')
xlabel('t')

%ylim([0 1.2])
% figure
% plot(t,thetal(:,0.5*(n+1))/’k
% hold on .plot(t,thetal (:,0.6*(n+1)), ’r--’, ’LineWj dth ,„)
plot (t, thetal (:, 0.7* (n+1) )/

% plot(t,thetal (:,0.8*(
% %title('Solution Curves

ylabel('\theta’)
xlabel('t')

%ylim((0 0.3])
% figure
% plot(t,Hl(:,0.1*(n+1)),
% hold
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% 
%

% 
% 
%

%
%
%

•&51-

% plot(t,Hl(:,0.3*(n+1)),'LineWidth',1)
% plot(t.Hl(:,0.6*(n+1)),'Linewidth1)
% plot(t,Hl(:,0.9*(n+1)),’Linewidth',1)
%title('Solution Curves for the Model’)
%ylabcl('Nanoparticles volume fraction distribution ( H )’)
%xlabel(’Time ( t )’)
%figure
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%!%%%%%%%%%

plot([eta), [wl(1000,:)],c (:,j), 'LineWidth',2)
plot([eta], [theta 1 (1000, :)],c(:,j), ’LineWidth', 2) 

hold on 
end
ylim([0 4))
xlim([0 1))

%
%
%
%
%
%
% title(’Solution Curves for the Model’)
% ylabel(’\theta')
% xlabel('\eta’)
% xlim([0 0.995])
% legend (’AluminaCupper',’Water only')

% plot([eta 1, [w1(100, :) ), ’k—’, ’LineWidth',2)
% hold on
% plot((eta), [wl (300,:)], ’r—', 'LineWidth’,2)
% plot([eta],[wl(500,:)],’b—','LineWidth’,2)
% plot([eta],[wl(800,:)],’ g--','LineWidth’,2)

%title(’Solution Curves for the Model’)
ylabel(’w’)
xlabel(’\eta’)

%ylim([0 0.2])
%xlim([0 2] )

% figure
• plot([eta],[thetai(100,:)],'k’,’LineWidth',2)
% hold on
% plot([eta J, [thetai(300, :)],' g', 'LineWidth',2)
% plot([eta],[theta1(500,:)],’b’,’LineWidth’,2)
% plot([eta 1, [thetai(800,:)],’r', ’LineWidth',2)

%title(’Solution Curves for the Model’)
ylabel(’\theta’)
xlabel ( ’\eta’)

% figure
% plot([eta], [Hl (10, :)], 'LineWidth',1)
% pause
% hold
% plot([eta],[Hl(30,:)],'LineWidth',1)
% pause
% plot([eta],[Hl(60,:)],'LineWidth’,1)
% pause
% plot([eta],[Hl(90,:)1,'r','LineWidth',1)

%title('Solution Curves for the Model')
ylabel('Nanoparticles volume fraction distribution ( H )') 
xlabel('Distance ( \eta )')

% tit1e('Solution Curves for the Model’)


